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Abstract
We survey and enlarge the known mappings of the 16-vertex model, with emphasis on mappings
between the even and odd 8-vertex subcases of the general model, also giving new mappings between
these models, valid on finite toroidal lattices. In particular, we find new mappings between the models by
using their algebraic invariants with respect to the SL(2)× SL(2) symmetry of the 16-vertex model; we
also find a larger set of weak-graph transformations. We show many examples of models with negative
weights which map to models with only positive weights. Using the algebraic invariant relations of
the even and odd 8-vertex models, we find the complete set of points in the complex field plane of
the square lattice Ising model in a field which map to the even or odd 8-vertex models; these points
also correspond to the set of free-fermionic points of the model. We do not find any new integrable
points, but we find a new mapping between the odd 8-vertex model and the square lattice Ising model
at magnetic field H = ipi/(2β), valid on finite toroidal lattices. We also show directly through various
examples that mappings via algebraic invariants do not fully exhaust the possible mappings a model may
have with another model. We construct a new solution to the odd 8-vertex free-fermion model which is
valid on the finite lattice, since the previous known solution resulted from a mapping valid only in the
thermodynamic limit. Finally, we detail for the first time the phase transitions of the column staggered
free-fermion 8-vertex model, and show that it can be mapped to the bi-partite staggered free-fermion
model.
1 Introduction
The 16-vertex model on the square lattice is a vertex model where each lattice bond can have one of two
states, often represented in terms of arrows, leading to 16 Boltzmann weights, broken up into two sets of 8
variables wi = exp(−βi) and vi = exp(−βξi), i = 1 . . . 8, assigned to each vertex of the lattice depending
on the states of the four bonds incident to the vertex. Here i, ξi are interaction energies, β = (kBT )
−1,
kB is the Boltzmann constant, and T is the temperature. The partition function Z is then defined by the
following sum
Z =
∑
configs
8∏
i,j=1
wnii v
mj
j (1)
where the sum is over all possible assignments of bond states on the lattice, where ni is the total number of
weights wi, and where mi is the total number of weights vi in the lattice. In the thermodynamic limit, where
the number of lattice sites N approaches infinity as the lattice grows proportionally in both directions, the
free-energy f is defined by the limit
− β f = lim
N→∞
1
N ln(Z) (2)
We note that recently there has been direct experimental interest in the 16-vertex model in the context of
artificial square ice nanomagnet systems [1, 2, 3, 4, 5, 6, 7, 8].
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The 16-vertex model appears to have first been defined by Wu in [9]. The full model, which has not been
solved, encompasses many special subcases, several of which have been exactly solved. Among the solvable
cases we list the square lattice close-packed dimer model [10, 11, 12, 13, 14, 15, 16, 17], the Ising model
on the square, triangular and honeycomb lattices, all of which are subcases of the free-fermion model [18],
which is equivalent to the Ising model on the checkerboard [19, 20] or union-jack [21] lattices, Baxter’s
symmetric even 8-vertex model [22, 16, 23], the symmetric even 8-vertex model on the Kagome´ lattice [24],
the asymmetric even 6-vertex model [25, 26, 27, 28, 29], a 5-vertex model [30], the three-spin Ising model
on the triangulated square [31, 32, 33, 34], union-jack [35, 36, 34, 37], dice [38, 34], honeycomb [38], and
bathroom-tile [34] lattices, two and three-spin Ising and lattice gas models on the Kagome´ lattice [39], a
3-state IRF model [40], an anisotropic generalized Kagome´ lattice Ising model [41], a staggered spin 1/2 and
spin s model [42], a two and three-spin Ising model in a field on the square lattice [43], a three and five-spin
Ising model on the square lattice [44], vertical three-spin and horizontal two-spin Ising model on the square
lattice [45], a two and three-spin Ising model on the union-jack lattice [46], a bond-decorated union-jack Ising
model [47], a two and four-spin Ising model on the square lattice [48, 49], a two and four-spin checkerboard
Ising model [50], a nearest and next-next nearest Ising model on the square lattice [51, 52, 53], the hard
hexagon model [54, 55], the ferromagnetic self-dual q-state Potts model [56], the self-dual, symmetric, and
infinite-coupling-limit Ashkin-Teller models [57, 58, 59, 60, 61, 62], the generalized hard hexagon model [56],
and the three-coloring problem on the square lattice [63, 64, 65, 66]. Special cases which have resisted exact
solutions are the monomer-dimer model [55], the square lattice Ising model in a field [67], the “symmetric”
even 8-vertex model on the honeycomb lattice [68], the general even 8-vertex model on the square lattice
and certain special cases [69, 70], and hard squares [55, 71]. Some of these unsolved models admit known
integrable points, such as the Ising model with magnetic field H = ipi/(2β) [67] and hard squares at fugacity
z = −1 [72, 73, 74, 75].
The vast majority of investigations have been done on the subcase of the 16-vertex model corresponding
to an even rule at each vertex: only an even number of each type of bond state are allowed at each vertex, or
alternatively, the number of incoming and outgoing arrows at each vertex must be even. This even condition
requires that the odd weights vi = 0. We call this the “even” 8-vertex model, to distinguish it from the “odd”
8-vertex model where the even weights wi = 0. Baxter’s symmetric 8-vertex model and the Ising model on
the square lattice are examples. The odd 8-vertex model has been mostly unexplored, except for the close-
packed dimer model, until 2004 when Wu and Kunz considered the odd 8-vertex free-fermion model [17]
by mapping a staggered even 8-vertex model to an odd staggered 8-vertex model and then specializing to
homogeneous odd variables. We are only aware of one solved case with mixed even and odd weights, the
hard hexagon model [54, 55], although it was not solved as a vertex model. Other seemingly mixed models
have non-mixed representations, such as the 11- and 16-vertex models of Deguchi [76] and the symmetric
16-vertex model [77, 78].
1.1 Notation
There appears to be 6 and 5 different notation conventions in the literature for both the even and the odd
8-vertex models, respectively, which we list in tables in appendix A. The choice we use in this paper for the
even model is the most common choice in the literature, and the choice of odd weights vi is such that to go
from an even weight wi to an odd weight vi, the bottom bond is reversed. We show in figure 1 our notation
with bond states given in terms of solid or dashed line type, and in figure 2 with bond states given in terms
of arrows.
We also define a “symmetric” model to be one where the weights wi, vi are equal under reversal of all
bond states. We note that another use of “symmetric” exists in the literature for vertex models [68, 79, 80,
81, 82, 83, 84, 85], where it is taken to mean that all vertex weights which have the same number of solid
(or dashed) bonds are equal. When describing such models we will use the terminology “Wu’s symmetric
model”, since this class of model was first defined by Wu in [68]. We reserve the use of the term “symmetric”
to be in accordance with the use for Baxter’s symmetric even 8-vertex model.
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w1 w2 w3 w4 w5 w6 w7 w8
v1 v2 v3 v4 v5 v6 v7 v8
Figure 1: The even (top row) and odd (bottom row) 8-vertex model weights, with bond states shown in
terms of line type, dashed or solid.
w1 w2 w3 w4 w5 w6 w7 w8
v1 v2 v3 v4 v5 v6 v7 v8
Figure 2: The even (top row) and odd (bottom row) 8-vertex model weights, with bond states shown in
terms of arrows.
1.2 Outline of paper
In the next section we consider the topological constraints of the 16-vertex model and bring out for the first
time the partition function’s dependence on the bond occupation variables. In the following section we give
for the first time in published literature the full set of lattice and bond-reversal symmetries of the 16-vertex
model partition function. Since the only known solution at this point for the odd 8-vertex model is the
free-fermion solution [17], of which the close-packed dimers on the square lattice is a subcase, we focus in
section 4 on free-fermion models in general, giving their historical overview as well as making the observation
for the first time that all of the relevant critical phenomena of the free-fermion, union-jack and checkerboard
lattice Ising models are all equivalent to the critical phenomena of the triangular Ising model. We also discuss
the known mapping between the even and the odd free-fermion models, and how the mapping appears to
only be valid in the thermodynamic limit, at least up until this point in time. We note that we haven’t
found a mapping between Baxter’s symmetric even 8-vertex model and the odd 8-vertex model; under the
weak-graph transformation, at least, Baxter’s model is an invariant, as shown in section 6.
In section 5 we give two different spin-model mappings for the 16-vertex model, with the Ising in a field
as an example, then in section 6 we consider in particular the weak-graph expansion transformation for the
16-vertex model, giving an enlarged set of weak-graph transformation matrices than previously considered.
We also give new weak-graph transformations between the even and odd 8-vertex models and between the
odd 8-vertex model and the 16-vertex model.
In section 7 we calculate the polynomial algebraic invariants of the even and odd 8-vertex models with
respect to the SL(2) × SL(2) symmetry of the 16-vertex model. In defining the relationships between the
invariants for each model, we define the 16-vertex model generalization of each model which are equivalent
to them. We then determine the valid mappings among the even and odd 8-vertex models which respect
each of their algebraic invariants. However, in section 8 we show that the thermodynamic limit mapping
between the even and odd free-fermion models does not respect each of their algebraic invariants, and in
section 9 we show another mapping with disrepects the even and odd algebraic invariants, this time valid
3
locally on finite toroidal lattices.
In section 10 we consider mappings between the square lattice Ising model in a field to the even and
odd 8-vertex models via their algebraic invariants, finding the full set of mappable points. We use both
the spin-model mapping of section 5 as well as a second one. These points are all free-fermionic points,
and correspond to the known exact solutions of the model, at magnetic field H = 0 and H = ipi/(2β). In
particular, we find a new mapping between the Ising model at H = ipi/(2β) and the odd 8-vertex model,
valid locally on finite toroidal lattices.
In section 11 we consider both the column and the bi-partite staggered even and odd 8-vertex models,
first giving spin-model mappings as well as showing for the first time that the column staggered model is
a function of 11 variables in general. We then consider the mappings between the even and odd 8-vertex
models, and give a new mapping between the column and the bi-partite staggered free-fermion models,
closing the section with an analysis of the phase transition points of the column stgagered free-fermion
8-vertex model.
Finally, in section 12 we discuss boundary conditions as they relate to the odd 8-vertex model in general
and its free-fermion subcase, we discuss the nature of free-fermion models in general, and we comment on
16-vertex model disorder lines relevant to the odd 8-vertex model. We finish in section 13 with a commentary
on the benefits of using mappings in the analysis of the 16-vertex model, as well as a summary of the paper
and results.
In appendix A we give tables of known even and odd 8-vertex weight notations, in appendix B we list for
the first time the full set of lattice and bond-reversal symmetries of the 16-vertex model partition function,
and in appendix C we show a 16× 16 matrix representation of the SL(2)×SL(2) symmetry transformation
acting on the 16-vertex model weights, from which it can be shown that the weak-graph transformation is
not a special case of this transformation. In appendix D we give full details for the construction of finite
lattice even and odd 8-vertex partition functions on both the homogeneous and the column and bi-partite
staggered lattices, listing the free-energy results in appendix E.
2 16-vertex model topological constraints
It is well known that toroidal boundary conditions induce topological constraints on the vertex weights,
although it appears that only the even 8-vertex model constraints have appeared in print. When interpreting
the bond states in terms of arrows, the number of horizontal and vertical sources and sinks must be equal
in the lattice. For the even 8-vertex model, their counting produces the set of equations
n5 + n8 = n6 + n7, n5 + n7 = n6 + n8 (3)
which can be re-expressed to give the known condition [86, 87]
n5 = n6, n7 = n8 (4)
so that for the even 8-vertex model, the weights w5, w6 always appear in the combination w5w6, and likewise
for w7, w8, so that the partition function of the even 8-vertex model has the following form
Z8E =
∑
configs
wn11 w
n2
2 w
n3
3 w
n4
4 (w5w6)
n5(w7w8)
n7 (5)
Therefore, it has been customary to set w5 = w6, w7 = w8 in the even 8-vertex model [86, 87].
For the odd 8-vertex model, a similar counting of sources and sinks yields the set of equations
m1 +m4 = m2 +m3, m5 +m8 = m6 +m7 (6)
which does not have such a simple interpretation for the weights as for the even 8-vertex model. In section 7
we propose a set of 6 algebraically independent quantities for the odd 8-vertex model which eliminate the
topological redundancy in the 8 variables vi.
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For the full 16-vertex model, we have the following set of equations
n5 + n8 +m5 +m8 = n6 + n7 +m6 +m7, n5 + n7 +m1 +m4 = n6 + n8 +m2 +m3 (7)
We will briefly consider these equations in the context of the hard hexagon model, which has the following
mapping to the 16-vertex model [55]
w1 = 1, w7v3v5 = z, wi = vi = 0 otherwise (8)
where z is the fugacity of a hard hexagon particle.
The equations (7) give the constraint n7 = m3 = m5, showing that the partition function is homogeneous
in the combination of variables (w7v3v5), as it should be. The vertical and horizontal sources of v3 and v5,
respectively, have a corresponding sink in w7. If one were to swap v2 for v3, there continues to be a matching
of vertical and horizontal sinks and sources, and the equations (7) continue to give a similar constraint
n7 = m2 = m5 even though physically the two models are quite different. In the hard hexagon mapping (8)
a combination of weights w7, v3, v5 can be placed on the lattice in isolation, but in the second case a staircase
pattern emerges that can potentially fill the toroidal lattice, as soon as one of the weights w7, v2, or v5 are
placed. This is because, though v2 is not a horizontal source or sink, it still demands a matching bond on
the right, which only w7 can fill, which again demands a matching upward bond, which only v2 can fill, and
so on. So the total number of weights n = n7 = m2 = m5 cannot be chosen arbitrarily, as was the case for
hard hexagons, where n can equal any integer up to the maximum allowed by the lattice size.
Under toroidal boundary conditions, we can count the number of horizontal and vertical solid and dashed
bonds in the lattice. This gives the following combined set of both topological and geometric conditions
n5 + n8 +m5 +m8 = n6 + n7 +m6 +m7 (9)
n5 + n7 +m1 +m4 = n6 + n8 +m2 +m3 (10)
2n1 + 2n4 + n5 + n6 + n7 + n8 +m1 +m2 +m3 +m4 + 2m5 + 2m7 = 2Md (11)
2n2 + 2n3 + n5 + n6 + n7 + n8 +m1 +m2 +m3 +m4 + 2m6 + 2m8 = 2Ms (12)
2n1 + 2n3 + n5 + n6 + n7 + n8 + 2m1 + 2m3 +m5 +m6 +m7 +m8 = 2Nd (13)
2n2 + 2n4 + n5 + n6 + n7 + n8 + 2m2 + 2m4 +m5 +m6 +m7 +m8 = 2Ns (14)
N = Md +Ms = Nd +Ns =
8∑
i=1
ni +
8∑
i=1
mi (15)
where N is the total number of sites on the lattice, Md and Ms are the number of vertical dashed and solid
bonds, respectively, and Nd and Ns are the number of horizontal dashed and solid bonds, respectively, and
where the factors of two on the right-hand sides of the equations (11)–(15) are due to double counting of
bonds.
From equations (9)–(15), we see that for any 16-vertex partition function under toroidal boundary con-
ditions, its dependence on dashed or solid bonds can be explicitly added in as follows
Z16 =
∑
configs
8∏
i,j=1
wnii v
mj
j d
Nd
h d
Md
v s
Ns
h s
Ms
v (16)
This appears to be a new observation. We can use the sink and source equations (9)–(10) to eliminate any
(apparent) square root dependence for each bond variable, in two ways each. We can choose, for example,
Nd = n1 + n3 + n5 + n8 +m1 +m3 +m5 +m8 (17)
Md = n1 + n4 + n5 + n7 +m1 +m4 +m6 +m8 (18)
Ns = n2 + n4 + n5 + n8 +m2 +m4 +m5 +m8 (19)
Ms = n2 + n3 + n5 + n7 +m1 +m4 +m6 +m8 (20)
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so that the dependence on solid horizontal bonds can be added to the partition function (1) by the following
set of variable transformations
w2 → shw2, w4 → shw4, w5 → shw5, w8 → shw8,
v2 → shv2, v4 → shv4, v5 → shv5, v8 → shv8 (21)
Similar transformations give the dependence of the partition function on the variables sv, dh, dv.
Returning to the previous example, we can now see that for hard hexagons we have n7 = m3 = m5
plus Ms = Ns = n7, Md = Nd = n1 + 2n7, n1 + 3n7 = N so that as expected, every appearance of the
combination of weights w7, v3, v5 increases the number of Ms = Ns by one, up to the maximum (N −n1)/3.
By way of contrast, with non-zero weights w1, w7, v5, v2, we see again that n7 = m2 = m5 but now we have
Ms = n7, Ns = 2n7, Md = n1 + 2n7, Nd = n1 + n7, n1 + 3n7 = N , and now we see that we cannot make
Ms = Ns unless n7 = m2 = m5 = 0.
3 16-vertex model partition function symmetries
The partition function of the 16-vertex model satisfies lattice and bond-reversal symmetries. It is invariant
under rotations and reflections as well as horizontal and vertical bond reversals. It is invariant, therefore,
under the group of transformations C2 ×C2 ×D8 of order 32, where the C2 are cyclic groups of order 2 and
D8 is the dihedral group of order 8. We list in appendix B all 32 transformations, which can be specialized
to either the even or odd 8-vertex models. We note that this list is larger than those found in [88, 18, 89, 17].
It is apparent from the partition function symmetries that the variables permute among 3 distinct sets
of variables. It would appear from these symmetries that there could be no mapping from the even to the
odd 8-vertex models, but we will see below that this is not the case. It would be convenient to construct
a new set of 16 variables which are invariant under all 32 partition function symmetry transformations; we
are not aware of such a result.
4 Free-fermion and dimer-solvable models
In a series of papers, Hurst and collaborators introduced an S-matrix approach to Ising model problems [90,
91, 92, 93, 94], elaborated and modified by others (see [95] and references therein), where they place fermion
creation and annihilation operators on either end of each bond of the lattice. The model is solvable subject
to the Lagrangian being a quadratic function of the fermion field operators [94, 88], rendering the problem
one of non-interacting, free fermions. In order to map to the Ising model, they require the introduction of
a “terminal city” of extra “internal” sites and bonds to replace each vertex of the original lattice. They
then find conditions on the signs of the bond weights such that the partition function can be expressed as a
Pfaffian, that is, the square root of the determinant of an anti-symmetric matrix. These conditions are such
that an even element of an exterior algebra be expressible as an exponential [94]. These conditions were also
considered much later in [96]. Separately, it is also known that every planar Ising model can also be solved
via a close-packed dimer model on an equivalent lattice [97], where the Pfaffian can be evaluated by choosing
appropriate signs for the bond weights [98, 99]. The restrictions Hurst finds on the bond weight signs are of
the same nature as the sign restrictions required in solving planar close-packed dimer models, and explicitly,
for the square and triangular lattices they are identical.
Beyond Ising models, dimers and free-fermion methods can also be used to solve vertex models. Hurst
first remarked on this point from the perspective of his free-fermionic method, noting the solution of what he
called the generalized square lattice [91, 92], but without consideration of its physical interpretation; in [100],
the triangular lattice is similarly considered. For the square lattice, the condition on the even weights such
that it is solvable via this method is
w1w2 + w3w4 = w5w6 + w7w8 (22)
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Fan and Wu [18] later elaborated on the model, calling it the “free-fermion model” [88], with reference to
Hurst, and relating it to other known models, though they also solve it via dimers1. Though no proof exists,
as far as we are aware, it is reasonable to conjecture that both free-fermion and dimer-solvable models are
exactly equivalent.
It is for these historical reasons that the even 8-vertex model with the constraint (22) has been called the
“free-fermion model”, even though it has been shown to be equivalent to the Ising model on the checkerboard
lattice [20, 19] and the Ising model on the union-jack lattice [21]. Also, the partition function per site of the
free-fermion model can be factored as a product of four quantities [102, 103, 104], which can be related to
four anisotropic square lattice Ising models [19], and furthermore it has another factorization as a product of
two anisotropic triangular lattice Ising models [19]. This factorization property means that the free-fermion
model can be expressed in terms of only four effective parameters. It would be interesting to see whether
this factorization property, as well as a mapping to an Ising model on a different lattice, continue to hold
for free-fermion vertex models defined on other lattices, for example the 32-vertex model on the triangular
lattice [100, 105, 106, 107] or the 128-vertex model on the union-jack lattice [108].
The free-energy of the even free-fermion 8-vertex model is given by
− β f = 1
8pi2
∫ 2pi
0
∫ 2pi
0
dθ1dθ2 ln(A+ 2B cos(θ1) + 2C cos(θ2) + 2D cos(θ1 − θ2) + 2E cos(θ1 + θ2) (23)
where
A = w21 + w
2
2 + w
2
3 + w
2
4 (24)
B = w1w3 − w2w4 (25)
C = w1w4 − w2w3 (26)
D = w3w4 − w7w8 = w5w6 − w1w2 (27)
E = w3w4 − w5w6 = w7w8 − w1w2 (28)
The even free-fermion model has many interesting subcases, such as the square, triangular, and honeycomb
Ising models, close-packed dimers on the square lattice, various cases of the ice model, and the decoupling
point of Baxter’s symmetric even 8-vertex model [18, 16]. In the analysis of the free-fermion model solutions,
the transcendental relation between interaction energies i
e−(1+2)/kBT + e−(3+4)/kBT = e−(5+6)/kBT + e−(7+8)/kBT (29)
is usually simplified [18, 109, 110] to two equalities w1w2 = w5w6 and w3w4 = w7w8 or else w1w2 = w7w8
and w3w4 = w5w6, or equivalently
w1w2w3w4 = w5w6w7w8, or 1 + 2 + 3 + 4 = 5 + 6 + 7 + 8 (30)
so that the free-fermion condition is temperature independent, that is, it is only a function of the interaction
energies i without any temperature dependence. The consequences of such a choice for the even 8-vertex
model is that the model reduces to the triangular Ising model on the dual lattice [91, 92, 111]. This can
also be seen from the integrand of the free-energy, where one term becomes identically zero [91, 18] so
that a mapping between the triangular Ising model and the free-fermion model free-energies can be carried
out. In [91], Hurst proves that for any integrand of the form of the even free-fermion model, the only
singularities in the principal sheet of the model are those which respect the temperature independent free-
fermion condition; singularities which occur only for the general free-fermion condition (22) but not for (30)
only appear in the analytic continuation of the model. Therefore, no critical phenomena is missed in choosing
the temperature independent condition (30). Furthermore, in [20], the quantity (w1w2w3w4−w5w6w7w8) is
shown to be a normalization quantity in the problem, so that setting it to zero will not affect the model in a
1The earliest use of dimers to solve a vertex model was by Wu in the context of the modified KDP model [101], a subcase
of the free-fermion model.
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meaningful way. Therefore, the triangular, checkerboard, union-jack Ising models and the even free-fermion
model all have the same essential physics, a statement which we believe has not appeared before in the
literature. For staggered free-fermion models and free-fermion models on other lattices, the relevance of
assuming temperature independent free-fermion conditions remains to be proven, however.
We summarize the critical phenomena analysis of even free-fermion model using the analysis of the
checkerboard lattice Ising model in [19], where all of the phase transition and disorder conditions are given
in terms of the quantity Ω2, expressed in terms of the even weights as
Ω2 = 1 +
(w1 − w2 − w3 − w4)(w1 − w2 + w3 + w4)(w1 + w2 − w3 + w4)(w1 + w2 + w3 − w4)
16w5w6w7w8
(31)
=
(w1 + w2 + w3 + w4)(w1 + w2 − w3 − w4)(w1 − w2 + w3 − w4)(w1 − w2 − w3 + w4)
16w1w2w3w4
(32)
where (30) was used going between the first and second lines. When Ω2 = 1,−∞ the model is critical,
at Ω2 = +∞ the model is completely ordered, and at Ω2 = 0 the model is at a disorder point. Also, at
Ω2 = ±∞ the model reduces to a six-vertex model; at Ω2 = +∞ it is in a frozen ferroelectric state while
at Ω2 = −∞ it is an antiferroelectric [19]. The spontaneous magnetization M0 of the checkerboard Ising
model, and correspondingly, the free-fermion model is given by [19]
M0 =
{
(1− Ω−2)1/8, Ω2 > 1
0, Ω2 ≤ 1 (33)
While the even free-fermion 8-vertex model has been understood for a long while, the odd free-fermion
8-vertex model has not received much attention except for in [17]. In their work, Wu and Kunz found a
mapping from the staggered even 8-vertex model to the staggered odd 8-vertex model, and by using the
free-fermion solution of the staggered even model, they specialized to arrive at the homogeneous odd free-
fermion 8-vertex model free-energy. The solution can also be found more directly using dimers, shown in
appendix D for the first time, so that it is valid on finite lattices, and we give the free-energy here in our
notation
− β f = 1
8pi2
∫ 2pi
0
∫ 2pi
0
dθ1dθ2 ln(A+ 2B cos(θ1) + 2C cos(θ2) + 2D cos(θ1 − θ2) + 2E cos(θ1 + θ2) (34)
where
A = (v1v2 + v3v4)(v5v6 + v7v8) + v
2
1v
2
4 + v
2
2v
2
3 + v
2
5v
2
7 + v
2
6v
2
8 (35)
B = 2v5v6v7v8 − v21v24 − v22v23 (36)
C = 2v1v2v3v4 − v25v27 − v26v28 (37)
D = (v1v2 − v7v8)(v5v6 − v3v4) (38)
E = (v1v2 − v5v6)(v7v8 − v3v4) (39)
The phase transition points of the odd 8-vertex free-fermion model occur when one of the following hold [17]
(v1v2 + v3v4) = (v5v6 + v7v8) = 0 (40)
(v1v3 + v2v4) = 0 (41)
(v5v7 + v6v8) = 0 (42)
(v1v2 + v3v4)(v5v6 + v7v8) + (v1v3 − v2v4)2 + (v5v7 − v6v8)2 = 0 (43)
In the dimer construction of the solution, the internal sites enforce a constraint,
v1v2 + v3v4 = v5v6 + v7v8 (44)
which is equivalent to the even free-fermion condition. This can be seen on staggered lattices, where the free-
fermion condition (22) of the staggered even 8-vertex model gets mapped to this condition for the staggered
8
odd 8-vertex model [17], also shown below in section 11. Again, temperature independent free-fermion
conditions are equivalent to
v1v2v3v4 = v5v6v7v8 (45)
It will be shown in section 6 below that under the weak-graph transformation, the temperature independent
free-fermion condition of the even 8-vertex model maps to the general free-fermion condition of the odd
8-vertex model, and vice-versa, showing how closely related conditions (22) and (44) are to (30) and (45),
respectively.
As opposed to the even case, satisfying the appropriate bond weight signs in the equivalent dimer model
requires a staggered lattice. A similar situation can be seen when attempting to find a spin model that is
equivalent to the odd 8-vertex model — a staggered spin model is necessary [17]. We are unaware of any
method to solve the homogeneous odd 8-vertex model directly without recourse to an intermediate staggered
lattice. Interestingly, we find a mapping in section 10 between the odd 8-vertex model and the Ising model
in a field H = ipi/(2β) [112, 113, 114, 115], whose partition function is known to be zero unless there are an
even number of lattice sites [116, 117, 118, 119].
The odd free-fermion constraint (44) at first sight seems to define a new free-fermion model as a subcase of
the 16-vertex model, distinct from the even free-fermion model. From the partition function transformations
of the 16-vertex model enumerated in appendix B, it would appear that the even and the odd sectors
of the 16-vertex model are independent of each other. Nevertheless, we consider several mappings below
which map the 16-vertex model onto itself with mixing of the even and odd weights. Using the weak-graph
transformation and mapping the algebraic invariant relations of each model to each other, we find exact
mappings valid on the finite lattice between the two models, but subject to several constraints among each
set of weights, which we outline below. One may be lead to believe that the even and the odd free-fermion
models are different except where they overlap under certain restrictions of each set of weights. This appears
to be true on the finite lattice for toroidal boundary conditions. In the thermodynamic limit, however, the
free-energies of the even and the odd free-fermion models can be fully mapped to each other [17] by equating
terms in the integrand of their double integral expressions, as can be easily seen above. Therefore, the two
models have the same essential physics.
To understand the mapping in the thermodynamic limit in contrast to the finite lattice, we can look
at the construction of the free-energy solutions via dimers, given in appendix D, where the form of each
free-energy integrand is simply the determinant whose square root gives each Pfaffian of the solution, the
odd case involving two lattice units. For toroidal boundary conditions on the finite lattice, the partition
function is a linear combination of 4 Pfaffians, so that the mapping found through equating the free-energy
integrands is only approximate on the finite lattice. This is analogous to the case of the mappings between
the checkerboard Ising model and the even free-fermion model, where the mapping in [20] is valid on the
finite toroidal lattice, but the mapping in [19] is only valid in the thermodynamic limit. It is possible that
a boundary condition similar to those found by Brascamp and Kunz for the square lattice Ising model [120]
could give the partition function of each model as a single double product, so that a finite lattice map
between the partition functions of the even and odd free-fermion models could be found. We have not
succeeded in generalizing those boundary conditions to the even and odd 8-vertex models, however. The
checkerboard [20] and union-jack [21] lattice Ising models each have a local, finite toroidal lattice mapping
to the even free-fermion model, and it would be satisfying to also find such a mapping between the even and
odd free-fermion models.
Furthermore, it is possible that this free-fermion, thermodynamic limit mapping is a special case of a more
general mapping from the even to the odd 8-vertex models, since the mapping found in [17] automatically
enforces the free-fermion constraints. Certainly, the mappings below found via the weak-graph transfor-
mations and the algebraic invariants continue to be valid in general for the full models, though subject to
constraints among each set of weights. These mappings hint at a possible more general mapping among the
general even and odd models.
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5 Spin-model mappings
Three mappings to spin models have been introduced in the literature for the even 8-vertex model and the
full 16-vertex model. One alternative is to introduce spins on the bonds of the lattice; this spin model was
introduced in [121]. The 16 spin possibilities for the four spins on the bonds surrounding a vertex give 16
vertex weights, and introducing one, two, three, and four-spin interactions Ji between spin variables, plus
an overall constant, gives 16 spin interactions. The spin model, however, is inherently staggered, unless the
only interactions allowed are one and two-spin interactions, shown in figure 3.
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J3
J3
J3
J4
J4
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J4
J4
J4
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Figure 3: Mapping of the 16-vertex model to a staggered spin model, where the spin value corresponds to
the bond state. On the left the vertex model lattice with spins placed at the center of each bond. On the
right the staggered spin model; only two-spin interactions shown.
The anisotropic square lattice Ising model in a magnetic field H can be mapped to the 16-vertex model
using this mapping [67], given the following weight assignments
w1 = u
−1
h u
−1
v x
−2, w2 = u−1h u
−1
v x
2, w3 = uhuv, w4 = uhuv,
w5 = u
−1
h uv, w6 = u
−1
h uv, w7 = uhu
−1
v , w8 = uhu
−1
v ,
v1 = x
−1, v2 = x, v3 = x−1, v4 = x,
v5 = x
−1, v6 = x, v7 = x−1, v8 = x (46)
where uh = exp(−2Jh/kBT ), uv = exp(−2Jv/kBT ), x = exp(−H/kBT ). Because there are twice as many
lattice sites for the Ising model compared to the vertex model, the relation of the free-energies is
f = 2 fIsing(uh, uv, x) (47)
We give a second mapping between the 16-vertex model and the Ising model in a field in section 10.
In another spin mapping, we assign spins to the faces of the lattice [48, 49]; the two states of a bond
separating two faces correspond to the spins on those those faces either being equal or opposite. Going
around the faces surrounding a vertex and returning to the starting spin, the number of changes in spin
values must be even in order to ensure that the upon returning to the initial spin it doesn’t change its spin
value. Therefore, this spin model only admits the even weights of the 16-vertex model. The mapping is 2:1
between spin states and vertex weights because the vertex weights are only determined after a spin somewhere
in the lattice has been chosen to be ±1. For toroidal boundary conditions, where n5 = n6, n7 = n8, we only
need 6 spin interactions, for which we can use the four two-spin interactions show in figure 4, a four-spin
interaction J5, and an overall constant J0. The four-spin interactions can be removed in favor of only two-
spin interactions if longer range next-next-nearest neighbor interactions are used [51, 52, 53]. The mapping
is then given by
1 = J0 − J1 − J2 − J3 − J4 − J5, 2 = J0 + J1 + J2 − J3 − J4 − J5,
3 = J0 + J1 − J2 + J3 + J4 − J5, 4 = J0 − J1 + J2 + J3 + J4 − J5,
5 = 6 = J0 − J3 + J4 + J5, 7 = 8 = J0 + J3 − J4 + J5, (48)
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and the inverse mapping
8 J0 = 1 + 2 + 3 + 4 + 25 + 27, 4 J1 = −1 + 2 + 3 − 4,
4 J2 = −1 − 2 + 3 + 4, 8 J3 = −1 − 2 + 3 + 4 − 25 + 27,
8 J4 = −1 − 2 + 3 + 4 + 25 − 27, 8 J5 = −1 − 2 − 3 − 4 + 25 + 27, (49)
J1
J1
J1
J1
J1
J1
J2 J2
J2
J2
J2 J2
J3
J3
J3J3
J3 J3
J4
J4
J4
J4
J4
J4
Figure 4: Mapping of the even 8-vertex model to a spin model. Bond states correspond to whether the spins
across the bond are equal or not. On the left the vertex model lattice with spins placed at the center of each
face. On the right the equivalent spin model; only two-spin interactions shown.
On the finite lattice without toroidal boundary conditions, 8 spin interactions are needed to fully specify
the vertex weights, so a magnetic field term (one-spin), and/or three-spin interactions are needed in addition.
Choosing the upper-left spin around a vertex for the one-spin interaction J6 and the upper-left, upper-right,
and lower-right spins around a vertex for the three-spin interaction J7 we have the following mapping
e−β1 = 2 e−β(J0−J1−J2−J3−J4−J5) cosh[β(J6 + J7)], (50)
e−β2 = 2 e−β(J0+J1+J2−J3−J4−J5) cosh[β(J6 − J7)], (51)
e−β3 = 2 e−β(J0+J1−J2+J3+J4−J5) cosh[β(J6 + J7)], (52)
e−β4 = 2 e−β(J0−J1+J2+J3+J4−J5) cosh[β(J6 − J7)], (53)
e−β5 = 2 e−β(J0−J3+J4+J5) cosh[β(J6 − J7)], (54)
e−β6 = 2 e−β(J0−J3+J4+J5) cosh[β(J6 + J7)], (55)
e−β7 = 2 e−β(J0+J3−J4+J5) cosh[β(J6 + J7)], (56)
e−β8 = 2 e−β(J0+J3−J4+J5) cosh[β(J6 − J7)] (57)
We look at the third spin mapping, called the weak-graph expansion transformation, in the next section.
6 Weak-graph expansion transformation
Nagle introduced the so-called weak-graph expansion transformation for vertex models in [122, 123], ex-
panded on by Wegner [124], for which Baxter gave a spin interpretation [86, 87]. The weak-graph transfor-
mation has been previously applied in a couple of instances. Restricted to the even 8-vertex model, Wu used
it to solve a modified Rys F ice model [125], and Baxter used it to determine more relevant variables in his
solution of the symmetric 8-vertex model [16], for example.
In the weak-graph transformation, each bond of the lattice is split in half; the partition function of the
vertex model is then a sum over all vertex weights around all vertices, subject to the compatibility constraint
that the two half-bonds must have the same state.
We can associate a spin variable to each half bond, distinguishing each of the spins around a vertex as
in Figure 5. We then write each of the 16-vertex weights as functions of these four spin variables, so that
the full expansion of the partition function can be written in terms of only the spin variables. Now when
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Figure 5: The weak-graph transformation. Spins on each bond are split into two, separated by the dashed
lines, and a local map between spins variables and vertex weights is used around each vertex. The constraint
that the split spin variables are equal is equivalent to the bond sharing of vertex weight variables.
summing over the states of each spin, only those terms with an even number of spin variables for each bond
will survive, that is, only those terms where the spins on either side of the split bond appear together survive
the summation. The spin variables enforce the compatibility conditions among split bonds in the vertex
weight summation, and we can replace the two spins on each bond by a single spin variable. Furthermore,
there’s a natural one-to-one mapping from spin variables to vertex weights. We choose that dashed bonds
give σ = 1 while solid bonds give σ = −1 below. Therefore, we can re-interpret these spin variables as new
16-vertex weights, since they fulfill all compatibility constraints among neighboring vertices and the mapping
is one-to-one. We now show explicitly such a weak-graph transformation.
G
(1)
=

w
(1)
1 w
(1)
2 w
(1)
3 w
(1)
4 w
(1)
5 w
(1)
6 w
(1)
7 w
(1)
8 v
(1)
1 v
(1)
2 v
(1)
3 v
(1)
4 v
(1)
5 v
(1)
6 v
(1)
7 v
(1)
8
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
σ
(1)
A σ
(1)
B σ
(1)
C σ
(1)
D 1 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1
σ
(1)
A σ
(1)
C 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1
σ
(1)
B σ
(1)
D 1 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1
σ
(1)
C σ
(1)
D 1 1 −1 −1 1 1 −1 −1 −1 −1 1 1 −1 −1 1 1
σ
(1)
A σ
(1)
B 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1
σ
(1)
B σ
(1)
C 1 1 −1 −1 −1 −1 1 1 −1 −1 1 1 1 1 −1 −1
σ
(1)
A σ
(1)
D 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1
σ
(1)
C 1 −1 1 −1 −1 1 −1 1 −1 1 1 −1 1 −1 1 −1
σ
(1)
A σ
(1)
B σ
(1)
D 1 −1 −1 1 −1 1 −1 1 1 −1 −1 1 −1 1 −1 1
σ
(1)
A 1 −1 −1 1 1 −1 1 −1 1 −1 −1 1 1 −1 1 −1
σ
(1)
B σ
(1)
C σ
(1)
D 1 −1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1
σ
(1)
D 1 −1 1 −1 −1 1 1 −1 1 −1 1 −1 −1 1 1 −1
σ
(1)
A σ
(1)
B σ
(1)
C 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1
σ
(1)
B 1 −1 1 −1 1 −1 −1 1 1 −1 1 −1 1 −1 −1 1
σ
(1)
A σ
(1)
C σ
(1)
D 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1 1 −1

The transformation from vertex weights w
(1)
i , v
(1)
i to spin variables s
(1)
i is then
s(1) = G(1)w(1) (58)
where the two vectors s(1), w(1) are as labeled on the border of the matrix W (1) defined above. Similarly,
there’s a relation s(2) = G(2)w(2) on alternate sites of the lattice, as shown in figure 58, where G(2) is
determined from G(1) by swapping rows and columns under horizontal and vertical reflection of the bonds
around a vertex, and where w(2) is in principle a staggered set of weights.
When series expanding the partition function, the only non-zero terms correspond to the case where each
half bond spin s(1) is equal to s(2). Demanding homogeneous spin variables s(2) = s(1) requires the following
compatibility condition on 32 variables
G(1)w(1) = G(2)w(2) (59)
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which can be solved to show that simply w(2) = w(1). Therefore the staggered set of variables w(2) is not
necessary, and the homogeneous weak-graph transformation is valid in general without constraints on the
vertex weights. Furthermore, it is sufficient to only consider G(1), which we call G, and we similarly use the
notation s and w.
We now re-interpret the spin variables as new vertex weights s = w(new). This can be done in several
ways. For example, the spin variable σAσBσCσD may represent w1, w2, w3, or w4, according to how the spin
variables represent either type of bond state. The horizontal or vertical bond state representations can be
independently chosen, which leads to 4 different G matrices, differing by swapped columns or rows according
to the convention chosen. These extra matrices have two of which are related by a similarity transformation,
a fact which has not been noted previously in the literature. The full set of weak-graph matrices G will
be what we call the weak-graph expansion transformation. We note that the G matrices satisfy one of the
following characteristic polynomials
(G2 − I)8 = 0 (60)
(G4 − I)4 = 0 (61)
(G4 − I)2(G2 + I)2(G− I)4 = 0 (62)
where I is the 16× 16 identity matrix.
6.1 Mapping between the even and odd 8-vertex models
Wu showed [77] that the even 8-vertex model maps to the symmetric 16-vertex model with pairs of weights
equal, that is,
w2i = w2i−1, v2i = v2i−1, (63)
a point made later by Felderhof [78] by looking directly at the transfer matrix. Wu further showed [77] that
when the even 8-vertex model satisfies the free-fermion condition, the condition on this symmetric 16-vertex
model is
w1w3 + w5w7 = v1v3 + v5v7 (64)
The only case of the even 8-vertex model that maps back onto the even 8-vertex model (the vi = 0 after the
transformation) is precisely Baxter’s symmetric 8-vertex model.
The case of the odd 8-vertex model has not been previously considered. The weak-graph transformation
maps the odd 8-vertex model to the “anti-symmetric” 16-vertex model, that is,
w2i = −w2i−1, v2i = −v2i−1, (65)
Once again, the free-fermion condition for the odd 8-vertex model is equivalent to the following condition
on the anti-symmetric 16-vertex model
w1w3 + w5w7 = v1v3 + v5v7 (66)
The only case of the odd 8-vertex model which maps back onto the odd 8-vertex model is the anti-symmetric
odd 8-vertex model.
After applying the weak-graph transformation to either the even or the odd models, we can find the
conditions on the sets of weights which map the two models to each other, yielding the following mapping
using the explicit G given in (58)
w2i = −w2i−1, v2i = v2i−1,
2w1 = v1 + v3 + v5 + v7, 2w3 = −v1 − v3 + v5 + v7
2w5 = −v1 + v3 − v5 + v7, 2w7 = −v1 + v3 + v5 − v7 (67)
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with the inverse map given by
w2i = −w2i−1, v2i = v2i−1,
2v1 = w1 − w3 − w5 − w7, 2v3 = w1 − w3 + w5 + w7
2v5 = w1 + w3 − w5 + w7, 2v7 = w1 + w3 + w5 − w7 (68)
Other choices of G, or multiple applications G2, G3 give similar mappings. Note that in this mapping and
its inverse, it is the anti-symmetric even and the symmetric odd 8-vertex models which are being mapped
to each other.
From the mappings, we see that the anti-symmetric even 8-vertex model with the further constraint
w1w3 = w5w7 (69)
which is equivalent to the temperature independent even free-fermion condition, maps to the symmetric odd
free-fermion model. Likewise, the symmetric odd 8-vertex model with the further constraint
v1v3 = −v5v7 (70)
which is also equivalent to the temperature independent odd free-fermion condition, maps to the anti-
symmetric even free-fermion model. Here we see directly how intertwined the general free-fermion condi-
tions (22) and (44) are with the temperature independent free-fermion conditions (30) and (45).
7 Algebraic invariants mappings
In a series of papers, Gaaff, Hijmans, and Schram analyzed the full 16-vertex model, noting that the transfer
matrix is invariant under an SL(2) × SL(2) transformation of the vertex weights for toroidal boundary
conditions [126, 127, 128, 129, 130, 131, 132, 133, 134]. This analysis expanded an aside in [124] and was
partially rediscovered in [20]. They showed that with the 6 degrees of freedom available it is always possible to
rewrite the partition function as a function of only 10 variables [126, 129, 130, 131, 132, 134]. Two particular
subcases of the 16-vertex model can be shown to have the same partition function if their variables can be
transformed into each other. They also constructed a set of 13 polynomial algebraic invariants which behave
as scalars under the action of SL(2) × SL(2), such that the partition function of any 16-vertex model can
be expressed as a function of only these 13 quantities [127, 128, 133]. As a practical matter, we can use
these invariants to look for mappings between two particular subcases of the 16-vertex model by constraining
their invariants to be equal to each other. A null result, however, does not prevent a mapping between the
models, as will be shown in sections 8 and 9. This set of transformations has been called a “generalized
weak-graph transformation”, e.g. [135, 136], even though it does not reduce, for any choice of the 6 arbitrary
parameters, to the weak-graph transformation (see appendix C). In this section we study the use of the
algebraic invariants in order to find direct mappings between the even and odd 8-vertex model. We follow
closely the notation defined in [126].
We note that algebraic invariants have also been studied in detail for the special case of the 16-vertex
model we call Wu’s symmetric 16-vertex model [81, 137, 85], where the weights wi, vi are equal if they have
the same number of solid bonds. This model has been shown, under an extra constraint on the weights, to
be equal to the Ising model in a field; see section 10 for more details. For this model, the symmetry group
of the transformation is O(2), leading to only 5 algebraic invariants, with one syzygie between them [81].
7.1 Algebraic invariants of the 16-vertex model
The start of the method is the recognition that the partition function is invariant under the following
SL(2)× SL(2) transformation of the vertex weights [126, 129, 130, 131, 132, 134]. If we define the matrices
M =

w1 v4 v6 w8
v1 w4 w6 v7
v8 w5 w3 v2
w7 v5 v3 w2
 , S = (s1 s2s3 s4
)
, T =
(
t1 t2
t3 t4
)
(71)
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V = S ⊗ T, V −1 = S−1 ⊗ T−1 (72)
for arbitrary complex constants si, ti, and where the matrices S, T can have unit determinant without loss
of generality, then the partition function of the 16-vertex model is invariant under the transformation of the
weights given by
M = V −1M V (73)
In appendix C we rewrite this transformation as a 16 × 16 matrix acting on the vector of 16 weights w
defined in section 6, where it can be shown that there’s no choice of si, ti which specialize to the weak-graph
transformation matrix (58).
Under this transformation, the weights transform as either scalarW0, vector u, v, or divectorW quantities
W0 =
1
4
(
w1 + w2 + w3 + w4
)
(74)
uT =
1
4
(
v1 + v2 + v3 + v4, i(−v1 + v2 + v3 − v4), w1 − w2 − w3 + w4
)
(75)
vT =
1
4
(
v5 + v6 + v7 + v8, i(v5 − v6 − v7 + v8), w1 − w2 + w3 − w4
)
(76)
W =
1
4
 w5 + w6 + w7 + w8 i(w5 − w6 + w7 − w8) v1 − v2 + v3 − v4i(−w5 + w6 + w7 − w8) w5 + w6 − w7 − w8 i(−v1 − v2 + v3 + v4)
v5 − v6 + v7 − v8 i(v5 + v6 − v7 − v8) w1 + w2 − w3 − w4
 (77)
with transformations given by
W0 →W0, u→ R−1(S)u, v→ R−1(T )v, W → R−1(S)WR(T ) (78)
where the matrix R(S) is defined as
R(S) =

1
2
(s21 − s22 − s23 + s24) − i2 (s21 + s22 − s23 − s24) −s1s2 + s3s4
i
2
(s21 − s22 + s23 − s24) 12 (s21 + s22 + s23 + s24) −i(s1s2 + s3s4)
−s1s3 + s2s4 i(s1s3 + s2s4) s1s4 + s2s3
 (79)
so that
R−1(S) = RT(S) (80)
and the matrix R(T ) is defined equivalently.
Therefore given an arbitrary 16-vertex model, it is always possible to rewrite the vertex weights in terms
of only 10 new variables. This procedure is carried out in the series of papers [126, 129, 130, 131, 132, 134],
where they choose to diagonalize the W matrix. It is not easy in practice, however, to use the transformation
directly to seek mappings between two different cases of the 16-vertex model. To proceed further, we use the
scalar polynomial invariants of this transformation, of which there are a total of 13 [127, 128, 133]. Though
there are more polynomial invariants than the minimal set of variables, leading to three syzygies, they are
nevertheless useful because they are unchanged by the SL(2)× SL(2) transformation.
The 13 scalar polynomial invariants Ii are defined as follows
I1 = W0 I8 = u
TWWTWv (81)
I2 = u
Tu I9 = Trace
[
(WWT)2
]
(82)
I3 = v
Tv I10 = u
T(WWT)2u (83)
I4 = u
TWv I11 = v
T(WTW )2v (84)
I5 = Trace
[
WWT
]
I12 = u
T(WWT)2Wv (85)
I6 = u
TWWTu I13 = Trace
[
(WWT)3
]
(86)
I7 = v
TWWTv (87)
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For a given set of weights wj and vj , the partition function of the model can be written as a function of only
these 13 invariants. Therefore, for any mapping between models that preserves these invariants, the two
partition functions will be equal to each other. We note that this is a sufficient but not necessary condition
for two models to be equal, as exemplified in sections 8 and 9.
For the odd 8-vertex model, with wi = 0, the invariants are as follows
I1 = I4 = I8 = I12 = 0 (88)
I2 =
1
4
(v1 + v4)(v3 + v2) (89)
I3 =
1
4
(v5 + v8)(v7 + v6) (90)
I5 =
1
4
(v1 − v4)(v3 − v2) + 1
4
(v5 − v8)(v7 − v6) (91)
I6 =
1
16
(v1v3 − v2v4)2 (92)
I7 =
1
16
(v5v7 − v6v8)2 (93)
I9 =
1
16
(v1 − v4)2(v3 − v2)2 + 1
16
(v5 − v8)2(v7 − v6)2 (94)
I10 =
1
64
(v1 − v4)(v3 − v2)(v1v3 − v2v4)2 (95)
I11 =
1
64
(v5 − v8)(v7 − v6)(v5v7 − v6v8)2 (96)
I13 =
1
64
(v1 − v4)3(v3 − v2)3 + 1
64
(v5 − v8)3(v7 − v6)3 (97)
where we see that there are 6 algebraically independent quantities,
(v1+v4)(v3+v2), (v5+v8)(v7+v6), (v5v7−v6v8), (v1v3−v2v4), (v1−v4)(v3−v2), (v5−v8)(v7−v6)
(98)
so that the odd 8-vertex model is a function of only these 6 quantities. There are 9 non-zero invariants and
only 6 algebraically independent quantities, leading to relations between the invariants, listed below
I1 = I4 = I8 = I12 = 0 (99)
I5 =
(
I10
I6
)
+
(
I11
I7
)
(100)
I9 =
(
I10
I6
)2
+
(
I11
I7
)2
(101)
I13 =
(
I10
I6
)3
+
(
I11
I7
)3
(102)
or alternatively
I1 = I4 = I8 = I12 = 0 (103)
I5 I6 I7 = I6 I11 + I7 I10 (104)
I6 I7 (I
2
5 − I9) = 2 I10 I11 (105)
I6 I7 (I5I9 − I13) = I5 I10 I11 (106)
Any general 16-vertex model that has these same relations among its invariants will be fully equivalent to the
odd 8-vertex model. We therefore define the class of odd 8-vertex models, invariant under the SL(2)×SL(2)
symmetry, in terms of equations (99–102) or (103–106).
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The odd 8-vertex model free-fermion case is given by the following extra condition on the invariants
I2 − I10
I6
= I3 − I11
I7
(107)
For the even 8-vertex model, with vi = 0, the invariants are as follows
I1 =
1
4
(w1 + w2 + w3 + w4) (108)
I2 =
1
16
(w1 − w2 − w3 + w4)2 (109)
I3 =
1
16
(w1 − w2 + w3 − w4)2 (110)
I4 =
1
64
(w1 − w2 + w3 − w4)(w1 − w2 − w3 + w4)(w1 + w2 − w3 − w4) (111)
I5 =
1
16
(w1 + w2 − w3 − w4)2 + 1
2
(w5w6 + w7w8) (112)
I6 =
1
256
(w1 + w2 − w3 − w4)2(w1 − w2 − w3 + w4)2 (113)
I7 =
1
256
(w1 + w2 − w3 − w4)2(w1 − w2 + w3 − w4)2 (114)
I8 =
1
1024
(w1 − w2 + w3 − w4)(w1 − w2 − w3 + w4)(w1 + w2 − w3 − w4)3 (115)
I9 =
1
256
(w1 + w2 − w3 − w4)4 + 1
8
(w5w6 + w7w8)
2 +
1
2
(w5w6w7w8) (116)
I10 =
1
4096
(w1 − w2 − w3 + w4)2(w1 + w2 − w3 − w4)4 (117)
I11 =
1
4096
(w1 − w2 + w3 − w4)2(w1 + w2 − w3 − w4)4 (118)
I12 =
1
16384
(w1 − w2 + w3 − w4)(w1 − w2 − w3 + w4)(w1 + w2 − w3 − w4)5 (119)
I13 =
1
4096
(w1 + w2 − w3 − w4)6 + 1
32
(w5w6 + w7w8)
3 +
3
8
(w5w6w7w8)(w5w6 + w7w8) (120)
where we see that there are also only 6 algebraically independent quantities,
(w1 + w2 + w3 + w4), (w1 − w2 − w3 + w4), (w1 − w2 + w3 − w4), (w1 + w2 − w3 − w4), (121)
(w5w6 + w7w8), (w5w6w7w8) (122)
leading to 7 relations among the invariants. These are
I24 = I2 I7 = I3 I6 (123)
I44 = I2 I
2
3 I10 = I
2
2 I3 I11 (124)
I64 = I
2
2 I
2
3 I
2
8 (125)
I104 = I
4
2 I
4
3 I
2
12 (126)
I2 I3 (I
3
5 + 2I13) + 6 I5 I6 I7 + 3 I
2
4 I9 = 3 (I2 I3 I9 + I
2
4 I5) I5 + 6 I
2
8 (127)
or alternatively
I24 = I2 I7 = I3 I6 (128)
I6 I7 = I2 I11 = I3 I10 (129)
I6 I11 = I7 I10 = I
2
8 (130)
I6 I7 I
2
8 = I2 I3 I
2
12 (131)
I2 I3 (I
3
5 + 2I13) + 6 I5 I6 I7 + 3 I
2
4 I9 = 3 (I2 I3 I9 + I
2
4 I5) I5 + 6 I
2
8 (132)
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Any general 16-vertex model that satisfies these same invariant relations will be fully equivalent to the even
8-vertex model. We therefore define the class of even 8-vertex models, invariant under the SL(2) × SL(2)
symmetry, in terms of equations (123–127) or (128–132).
The even 8-vertex model free-fermion case is given by the following extra condition on the invariants
I21 +
2 I24
I2 I3
= I2 + I3 + I5 (133)
For the full 16-vertex model we list the first seven invariants
I1 = I
even
1 (134)
I2 = I
odd
2 + I
even
2 (135)
I3 = I
odd
3 + I
even
3 (136)
I4 = I
even
4 +
1
16
(w1 − w2 − w3 + w4)(v5v7 − v6v8) + 1
16
(w1 − w2 + w3 − w4)(v1v3 − v2v4)
+
1
16
(v7 + v6)(v1w8 + v2w5 + v3w5 + v4w8) +
1
16
(v8 + v5)(v1w6 + v2w7 + v3w7 + v4w6)(137)
I5 = I
odd
5 + I
even
5 (138)
I6 = I
odd
6 + I
even
6 +
1
16
[w5(v2 + v3) + w8(v1 + v4)][w6(v1 + v4) + w7(v2 + v3)]
+
1
32
(w1 − w2 − w3 + w4)(v1 + v4)[w6(v5 − v8) + w8(v7 − v6)]
+
1
32
(w1 − w2 − w3 + w4)(v2 + v3)[w7(v5 − v8) + w5(v7 − v6)]
+
1
32
(w1 − w2 − w3 + w4)(w1 + w2 − w3 − w4)(v1v3 − v2v4)
+
1
64
(w1 − w2 − w3 + w4)2(v5 − v8)(v7 − v6) (139)
I7 = I
odd
7 + I
even
7 +
1
32
(v5v7 − v6v8)[(w1 − w4)2 − (w2 − w3)2]
+
1
16
[w5(v6 + v7) + w7(v8 + v5)][w6(v5 + v8)) + w8(v7 + v6)]
+
1
32
(w1 − w2 + w3 − w4)(v1 − v4)[w6(v5 + v8)) + w8(v7 + v6)]
+
1
32
(w1 − w2 + w3 − w4)(v3 − v2)[w7(v5 + v8) + w5(v7 + v6)]
+
1
64
(w1 − w2 + w3 − w4)2(v1 − v4)(v3 − v2) (140)
The sizes of the invariants beyond the seventh invariant are very large, though they presumably simplify
somewhat after some effort. Unfortunately, the relations (107) and (133) corresponding to the odd and
even free-fermion conditions, respectively, do not either by themselves or in combination determine a simple
means of recognizing a free-fermion model for the general 16-vertex model. We note that the invariant I1
can be interpreted as the partition function of a single vertex under toroidal boundary conditions; we have
not found similar interpretations of the other invariants, however.
7.2 Topological constraints
As noted above, for toroidal boundary conditions, counting sink and sources constrains the even weights to
have n5 = n6 and n7 = n8, so that the even 8-vertex model is a function of only 6 variables, for example
w1, w2, w3, w4, w5w6, and w7w8, as can be seen clearly in its algebraic invariants. But in defining the even
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8-vertex model in terms of the 7 relations (123)–(127) among its algebraic invariants, it no longer is necessary
that n5 = n6 and n7 = n8, as can be seen by comparing with the invariants of the full 16-vertex model
in (134)–(140). Nevertheless, there must remain only 6 algebraically independent quantities in the model,
though it is not clear how best to define these six quantities other than through the invariants themselves
and their relations.
For the odd 8-vertex model, counting sinks and sources under toroidal boundary conditions leads to
m1 + m4 = m2 + m3, m5 + m8 = m6 + m7, which does not have a simple interpretation in terms of the
odd weights, as is the case for the even 8-vertex model. Nevertheless, the set of 6 algebraically independent
quantities (98) in the odd 8-vertex model invariants (88)–(97) provides natural variables which eliminate the
redundancy in the 8 vertex weights by proper accounting of the topological constraints. Again, defining the
odd 8-vertex model in terms of the relations among algebraic invariants (99)–(102) leads to a more general
set of variables which respect the counting of sources and sinks, so that it remains a 6-variable model, though
a convenient choice of variable definitions is not obvious, beyond using the invariants themselves along with
their relations.
In the full 16-vertex model, the counting of horizontal and vertical sinks and sources leads to more general
topological constraints, given in (7). Using the methods in [126, 129, 130, 131, 132, 134], the full model can
always be reduced to 10 variables, more than eliminating the redundancy caused by the model respecting
the topological constraints.
7.3 Invariant mappings between even and odd 8-vertex models
We now set the even and odd invariants given in equations (88)–(97) and (108)–(120) equal to each other in
order to construct mappings between the two models, valid on the finite torus. We see that since I1, I4, I8,
I12 are identically zero for the odd 8-vertex model, that on the even side we must have at least one of the
following constraints, which leads to three separate mappings, considered below
(w1 + w2 + w3 + w4) = (w1 + w2 − w3 − w4) = 0
(w1 + w2 + w3 + w4) = (w1 − w2 + w3 − w4) = 0
(w1 + w2 + w3 + w4) = (w1 − w2 − w3 + w4) = 0
 ⇒

w1 = −w2, w3 = −w4
w1 = −w3, w2 = −w4
w1 = −w4, w2 = −w3
(141)
7.3.1 First mapping
We start with the first case in (141). This leads to the following mapping, for which the only non-zero
invariants are I2, I3, I5, I9, I13
w1 = −w2, (142)
w3 = −w4, (143)
v5v7 = v6v8, (144)
v1v3 = v2v4, (145)
(w1 + w3)
2 =
v5
v6
(v7 + v6)
2 (146)
(w1 − w3)2 = v2
v1
(v1 + v4)
2 (147)
(w5w6 + w7w8) = −1
2
[
v2
v1
(v1 − v4)2 + v5
v6
(v7 − v6)2
]
(148)
w5w6w7w8 =
1
16
[
v2
v1
(v1 − v4)2 − v5
v6
(v7 − v6)2
]2
(149)
We see that we can recover the weak-graph transformation results when setting
w2i = −w2i−1, v2i = v2i−1 (150)
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such that
(w1 + w3)
2 = (v5 + v7)
2 (151)
(w1 − w3)2 = (v1 + v3)2 (152)
(w25 + w
2
7) =
1
2
[
(v1 − v3)2 + (v5 − v7)2
]
(153)
w25w
2
7 =
1
16
[
(v1 − v3)2 − (v5 − v7)2
]2
(154)
giving a set of 32 weak-graph transformations.
When the even 8-vertex model satisfies the free-fermion condition (22), the odd 8-vertex model under
this mapping (150)–(154) has the following further restrictions
v1v3 = v2v4 = −v5v7 = −v6v8 (155)
so that trivially,
v1v2v3v4 = v5v6v7v8 (156)
which is the temperature independent free-fermion condition, and when the odd 8-vertex model satisfies
the free-fermion condition (44), the even 8-vertex model under this mapping (150)–(154) has the following
further restriction
w1w2w3w4 = w5w6w7w8 (157)
which is the temperature independent free-fermion condition.
7.3.2 Second mapping
From the second case in (141), for which the only non-zero invariants are I2, I5, I6, I9, I10, I13, we have by
the following mapping
w1 = −w3, (158)
w2 = −w4, (159)
v5 = −v8, (160)
v6 = −v7, (161)
v1v2 = v3v4 (162)
(w1 + w2)
2 =
v1
v3
(v3 − v2)2 (163)
(w1 − w2)2 = v1
v3
(v3 + v2)
2 (164)
w5w6 = w7w8 = v5v7 (165)
When the even 8-vertex model satisfies the free-fermion condition, the odd 8-vertex model under this
mapping has the following further restrictions
v1v2 = v3v4 = v5v6 = v7v8 (166)
so that trivially
v1v2v3v4 = v5v6v7v8 (167)
which is the temperature-independent odd free-fermion condition, and when the odd 8-vertex model satisfies
the free-fermion condition, the even 8-vertex model under this mapping has the following further restrictions
w1w2 = w3w4 = −w5w6 = −w7w8 (168)
so that also
w1w2w3w4 = w5w6w7w8 (169)
which is the temperature independent free-fermion condition.
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7.3.3 Third mapping
The third case in (141), for which the only non-zero invariants are I3, I5, I7, I9, I11, I13, is equivalent to the
second mapping under the following interchange of variables
w3 ↔ w4, v1 ↔ v5, v2 ↔ v6, v3 ↔ v7, v4 ↔ v8 (170)
8 Free-fermion free-energy mapping
From the free-energy expressions of the even and the odd free-fermion 8-vertex models in (23) and (34), a
direct mapping [17] from one model to the other can be found which is more general than those found through
the weak-graph transformation or the algebraic invariants. It is a mapping constructed in the thermodynamic
limit, but is only approximate on the finite lattice with toroidal boundary conditions. This is because the
mapping is from one Pfaffian determinant to another, and on the finite lattice the partition function under
toroidal boundary conditions is a linear combination of 4 Pfaffians [98, 99]. This is analogous to the case
of the mapping from the free-fermion model to the checkerboard lattice Ising model, where the mapping
of [20] is valid on the finite toroidal lattice, but the mapping of [19] is only valid in the thermodynamic
limit. For the square lattice Ising model, special boundary conditions have been found by Brascamp and
Kunz [120] such that the partition function on the finite lattice has a simple double product form. A similar
boundary condition would allow a direct mapping between the even and odd 8-vertex models, but we have
not succeeded in finding similar boundary conditions relevant to these models.
Furthermore, because the known constructions of the odd free-fermion model all use a staggered lattice
as a starting point, the mapping is formally from two staggered odd lattice units to a single even unit, that
is, the free-energies satisfy the relation
f8O =
1
2 f8E (171)
Any finite lattice mapping could presumably be a mapping from two lattice units in the odd model to one
lattice unit in the even model. Another way to account for the factor of 2 in the free-energies is to map to
the dual lattice. When mapping between the checkerboard Ising model and free-fermion model, there’s a
factor of 2 difference between the mapping of [20] and the mapping of [19], where the latter mapping used
the dual lattice. Nevertheless, for the odd 8-vertex model, it appears a staggered lattice is still necessary
even when considering the dual lattice, so that it appears that two odd lattice units must be mapped to one
even lattice unit.
We now give the mapping explicitly. Let
A = ±
√
B2 + C¯2 + D¯2 (172)
B = ±(v1v2 + v3v4) (173)
C = ±(v5v7 + v6v8) (174)
C¯ = (v5v7 − v6v8) (175)
D = ±(v1v3 + v2v4) (176)
D¯ = (v1v3 − v2v4) (177)
E = (v1v2 − v3v4)(v5v6 − v7v8) (178)
then we have the following mapping
2w1 = −A+B + C +D, 2w2 = A−B + C +D (179)
2w3 = A+B − C +D, 2w4 = A+B + C −D (180)
2w5w6 = AB + CD − E 2w7w8 = AB + CD + E (181)
Note that this is a more general mapping between the even and odd 8-vertex models than those found via the
weak-graph transformation and the algebraic invariants, since it does not reduce the number of algebraically
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independent quantities for either model, although it is only valid for free-fermion cases. In particular, this
mapping does not respect the algebraic invariants of each model, that is, purely from the perspective of the
algebraic invariants there should be no such general mapping between the even and odd models.
9 An even-odd mapping of Baxter
The free-energy mapping (172)–(181) between the even and odd free-fermion models does not respect the
algebraic invariants of the models, although it is only valid in the thermodynamic limit. Baxter, however,
has found another mapping [16] which notably does not respect the algebraic invariants of the two models
but also is defined locally so that it is valid on the finite toroidal lattice. The mapping is between the close-
packed dimer model on the square lattice, with horizontal and vertical fugacities zh and zv, respectively, and
the even free-fermion 8-vertex model. Defined as an odd 8-vertex model, it has the following weights
v1 = v3 = zv, v5 = v7 = zh, v2 = v4 = v6 = v8 = 0 (182)
By considering the “superbond” lattice, Baxter forms the following mapping to the free-fermion case of his
symmetric even 8-vertex model [16]
w1 = w2 = zh, w3 = w4 = zv, w5w6 = 0, w7w8 = z
2
h + z
2
v (183)
We can see that it does not respect the algebraic invariants because the first invariant I1 is not zero in the
even case. Clearly, having equal algebraic invariants is only a sufficient condition for the equality of two
16-vertex models. Furthermore, we see that this mapping is not equivalent to the free-energy free-fermion
mapping in section 8, which gives for the close-packed dimer model the following new mapping
2w1 = 2w2 = z
2
h + z
2
v , 2w3 = z
2
v − z2h, 2w4 = z2h − z2v , 2w5w6 = 2w7w8 = z2hz2v (184)
10 Ising model in a field as even and odd 8-vertex models
The square lattice Ising model at H = 0 is clearly a special case of the even free-fermion model [18], and
Gaaff showed in [67] that the Ising model at H = ipi/(2β) is also a special case of the even free-fermion
model. We have sought for mappings between the general even and odd 8-vertex models and the full Ising
model in a field, which has the 16-vertex model weight representation given in (46). Its algebraic invariants
are given as follows
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I1 =
1 + 2u2hu
2
vx
2 + x4
4uhuvx2
(185)
I2 = I3 =
(x2 + 1)2(1− 2x2 + 4u2hu2vx2 + x4)
16u2hu
2
vx
4
= I21 −
(u2hu
2
v − 1)2
4u2hu
2
v
(186)
I4 =
(x2 + 1)2 p(4,4,8)
64u3hu
3
vx
6
(187)
I5 =
q(4,4,8)
16u2hu
2
vx
4
= I2 +
1 + 2u4h + 2u
4
v − 6u2hu2v + u4hu4v
4u2hu
2
v
(188)
I6 = I7 =
(x2 + 1)2 p(6,6,12)
256u4hu
4
vx
8
(189)
I8 =
(x2 + 1)2 p(8,8,16)
1024u5hu
5
vx
10
(190)
I9 =
q(8,8,16)
256u4hu
4
vx
8
(191)
I10 = I11 =
(x2 + 1)2 p(10,10,20)
4096u6hu
6
vx
12
(192)
I12 =
(x2 + 1)2 p(12,12,24)
16384u7hu
7
vx
14
(193)
I13 =
q(12,12,24)
4096u6hu
6
vx
12
(194)
where the p(n,m,o), q(n,m,o) are polynomials of degree n in uh, degree m in uv, and degree o in x.
It can be shown that the Ising model in a field can only satisfy the algebraic invariant relations (123)–
(127) of the general even 8-vertex model if the magnetic field variable is x2 = ±1, at which points it also
automatically satisfies the even free-fermion invariant relation (133). For the odd 8-vertex model, the Ising
model in a field always satisfies the odd free-fermion invariant relation (107) but it can only satisfy the
general odd 8-vertex model invariant relations (99)–(102) trivially, if the magnetic field variable is x2 = −1
and uh, uv = ±1. These are all exact mappings on the finite toroidal lattice. In the thermodynamic limit,
however, the free-fermion mapping between the even and the odd model can be used, so that the odd
free-fermion model can fully map to the Ising model at H = {0, ipi/(2β)}.
There is a second mapping between Wu’s symmetric 16-vertex model and the isotropic Ising model in a
field, given in [138, 139, 137, 80] where the 16-vertex model is first mapped to a lattice gas on the square
lattice, and then to the Ising model in a field. An alternate version of the mapping was also considered in [135],
though it is equivalent to the mapping of [138, 139] after applying the SL(2) × SL(2) transformation (73).
We mention that this Ising in a field mapping can be generalized to lattices with general coordination
numbers [82, 136] and the (q − 1)/2-spin Ising model in a field can be mapped to q-state vertex models
generalizing this mapping [83]. Here we restrict ourselves to the square lattice and the spin 1/2 Ising model
in a field. The mapping in [135] has weights given by
w1 = a, w2 = e, w3 = w4 = w5 = w6 = w7 = w8 = c,
v1 = v3 = v5 = v7 = b, v2 = v4 = v6 = v8 = d (195)
and is valid under the following constraint of the weights
ace− ad2 − b2e+ 2bcd− c3 = 0 (196)
We prefer the simplicity of the treatment in [138, 139] and will only consider it below, since the results are
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equivalent. The weights in the mapping of [138, 139] are given as follows
w1 = 1, w2 = v, w3 = w4 = w5 = w6 = w7 = w8 = w
2,
v1 = v3 = v5 = v7 = w, v2 = v4 = v6 = v8 = w
3 (197)
where the variables w and v are related to the isotropic variable u = uh = uv and the field variable x by
u2 =
w2
1 + w2
, x2 =
v − w4
(1 + w2)2
(198)
and
w =
u√
1− u2 , v =
x2 + u4
(1− u2)2 (199)
and the partition function of this 16-vertex model is related to the Ising model in a field on a toroidal lattice
with N sites by
Z =
[
ux
(1− u2)2
]N
ZIsing(u, x) (200)
so that the free-energy is given by
f = fIsing(u, x) + ln
[
ux
(1− u2)2
]
(201)
The algebraic invariants are now of the form
I1 =
(x2 + 1)
4 (u2 − 1)2 (202)
I2 = I3 =
1− 2x2 + x4 + 4u2x2
16 (u2 − 1)4 (203)
I4 =
(x2 + 1)(1− 2x2 + x4 + 4u4x2)
64 (u2 − 1)6 (204)
I5 =
1 + 2x2 + x4 − 8u2x2 + 8u4x2
16 (u2 − 1)4 (205)
I6 = I7 =
p(6,8)
256 (u2 − 1)8 (206)
I8 =
(x2 + 1)p(8,8)
1024 (u2 − 1)10 (207)
I9 =
(x2 + 1)q(8,8)
256 (u2 − 1)8 (208)
I10 = I11 =
p(10,12)
4096 (u2 − 1)12 (209)
I12 =
(x2 + 1)p(12,12)
16384 (u2 − 1)14 (210)
I13 =
(x2 + 1)q(12,12)
4096 (u2 − 1)12 (211)
where the p(n,m), q(n,m) are polynomials of degree n in u and degree m in x.
In this case, the Ising model in a field can only satisfy the algebraic invariant relations (123)–(127) of the
general even 8-vertex model if the magnetic field is H = 0,∞, in which case it also automatically satisfies
the even free-fermion invariant relation (133). For the odd 8-vertex model, the Ising model in a field always
satisfies the odd free-fermion invariant relation (107) but it can only satisfy the general odd 8-vertex model
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invariant relations (99)–(102) if the magnetic field is x2 = −1. We give the following new mappings from
the odd 8-vertex model to the Ising model with field H = ipi/(2β)
v1v2 = v3v4 = v5v6 = v7v8 =
1
4(1− u2)2 ,
v1
v4
=
v3
v2
=
v5
v8
=
v7
v6
=
(1 + u)
(1− u) (212)
v1v2 = v3v4 = v5v6 = v7v8 =
1
4(1− u2)2 ,
v1
v4
=
v3
v2
=
v8
v5
=
v6
v7
=
(1 + u)
(1− u) (213)
There are also two alternate mappings given by making u negative. The above mappings are new for the
odd 8-vertex model, and generalizes what was known previously [140, 115], that at criticality Tc = ∞ the
Ising model at H = ipi/(2β) is equivalent to the square lattice close-packed dimer model, which is a special
case of the odd 8-vertex free-fermion model. These are exact mappings on the finite toroidal lattice. In the
thermodynamic limit, the free-fermion free-energy mapping between the even and the odd models can be
used to map back and forth between the even and odd cases, however.
From the analysis of the algebraic invariants of the Ising model in a field using both mappings, we
conclude that unless another mapping is found, the only magnetic field points which map to either the even
and odd 8-vertex models are those described above, which also are simultaneously free-fermion points of
the model. From the perspective of algebraic invariants of the 16-vertex model we have found all of the
free-fermionic points of the Ising model in a field.
11 Staggered 8-vertex models
Most exactly solved models in statistical mechanics use homogeneous variables, which are equal at all lattice
sites, but occasionally staggered lattices have also been studied. In [141, 109], different weights were as-
signed to each bi-partite sublattice of the square lattice, in [142] both column and bi-partite staggering were
considered, and in [110] Lin and Wu considered a staggering units of four lattice sites. By specializing from
the results of Lin and Wu [110], the column or bi-partite staggered results can be recovered. Also, in [143],
the Ising model on the square lattice is solved for abitrary staggering unit sizes in the diagonal direction,
which can be re-cast as a staggered vertex model. In each of these cases, the restriction to the free-fermion
condition was used.
There are very few known solvable cases of staggered 8-vertex models which are not free-fermion models.
In [144], sufficient conditions on the weights for the solubility of staggered symmetric 6-vertex models are
given. Bariev solved, however, a staggered 6-vertex model outside of those conditions [145, 146, 147]. Baxter
in [148] also gave conditions such that a general inhomogeneous 6-vertex model can be solvable by Bethe’s
ansatz. For the bi-partite staggered lattice, Baxter showed in [149] that the equivalent critical-temperature
antiferromagnetic q-state Potts model on the square lattice admits two solutions; for one, the second set of
staggered weights is simply proportional to the other set of weights; the second solution is non-trivial.
As was first noted in [17], the staggered even and odd 8-vertex models are fully equivalent, since changing
the convention of the bond state of one (or three) bond(s) per staggering unit of two vertices will convert
each even vertex weight on the lattice to an odd one, and vice-versa. We will make this precise below.
Therefore, the critical phenomena of the staggered even and odd 8-vertex models are equivalent.
We use the notation w¯i and v¯i for the second set of vertex weights on the alternate vertices of the
staggering units. We can also define staggered solid and dashed bond variables, in anology with (16), which
can be introduced into any result by a simple variable transformation of the form (21).
11.1 Spin model mappings
In [109] the homogeneous spin-model mapping in (48) was generalized for a bi-partite staggered even 8-vertex
model, as shown in figure 6.
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J9
Figure 6: Mapping of the bi-partite staggered even 8-vertex model to a staggered spin model. Bond states
correspond to whether the spins across the bond are equal or not. On the left the vertex model lattice with
spins placed at the center of each face. On the right the equivalent spin model; only two-spin interactions
are shown.
We define in figure 6 the two-spin interactions for both units. In each unit there is also a four-spin
interaction J7 and J10, plus an overall constant J0. For the left unit, we have the mapping

(1)
1 = J0 − J1 − J2 − J3 − J4 − J5 − J6 − J7 (214)

(1)
2 = J0 + J1 + J2 + J3 + J4 − J5 − J6 − J7 (215)

(1)
3 = J0 + J1 − J2 + J3 − J4 + J5 + J6 − J7 (216)

(1)
4 = J0 − J1 + J2 − J3 + J4 + J5 + J6 − J7 (217)

(1)
5 = J0 − J1 + J2 + J3 − J4 − J5 + J6 + J7 (218)

(1)
6 = J0 + J1 − J2 − J3 + J4 − J5 + J6 + J7 (219)

(1)
7 = J0 − J1 − J2 + J3 + J4 + J5 − J6 + J7 (220)

(1)
8 = J0 + J1 + J2 − J3 − J4 + J5 − J6 + J7 (221)
and similarly for the right unit.
For this bi-partite staggered lattice under toroidal boundary conditions, there are only 11 independent
quantities ui, where our definitions differ slightly from [109]
u1 = w1w¯1, u2 = w2w¯2, u3 = w3w¯3, u4u9 = w4w¯4, u5 = w5w¯6, u6u10 = w6w¯5
u7 = w7w¯8, u8u11 = w8w¯7, u9 =
w¯3w¯4
w¯1w¯2
, u10 =
w¯5w¯6
w¯1w¯2
, u11 =
w¯7w¯8
w¯1w¯2
(222)
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J9
Figure 7: Mapping of the column staggered even 8-vertex model to a staggered spin model. Bond states
correspond to whether the spins across the bond are equal or not. On the left the vertex model lattice with
spins placed at the center of each face. On the right the equivalent spin model; only two-spin interactions
are shown.
Similarly for the column staggered lattice, shown in figure 7, there is a mapping similar to (214)–(221).
Under toroidal boundary conditions there are only 11 independent quantities ti, which we give for the first
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time below
t1 = w1w¯1, t2 = w2w¯2, t3 = w3w¯3, t4 = w4w¯2, t5 = w5w6w¯1w¯2, t6 =
w6w¯8
w8w¯6
t7 = w7w8w¯1w¯2, t8 =
w¯3
w¯1
, t9t8 =
w¯3w¯4
w¯1w¯2
, t10 =
w¯5w¯6
w¯1w¯2
, t11t6 =
w¯7w¯8
w¯1w¯2
(223)
11.2 Mappings between the even and odd staggered 8-vertex models
In Figure 8, we draw the square lattice, identifying two of its sub-lattices with either circles or squares at
each site. We also divide the set of edges into four categories, which we denote by edge variables la, lb,
lc, ld, which take the values ±1. From the edge variables, we can then choose a correspondence between
the values ±1 and vertical and horizontal arrow directions, or alternatively, solid and dashed bonds. For
arbitrary sets of edge values on the lattice, the resulting vertex model will be described by the most general
16-vertex model. However, this general 16-vertex model will reduce to an even or odd 8-vertex model if an
appropriate constraint is applied to all four edge variables around each vertex.
Once the edge variables are constrained to form an 8-vertex model, either even or odd, changing the
interpretation of one set of edges, say la, will take the even 8-vertex model into the odd 8-vertex model
and vice-versa. Since the underlying edge variables remain unchanged and only the interpretation of the
bond values changes, the two models are equal under this transformation. Similarly, upon transforming to
a staggered spin model, the spin interactions remain unchanged even if the bond interpretation changes.
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Figure 8: The square lattice with edge variables l = ±1 on each edge. From the edge values a choice of
correspondence determines the vertical and horizontal arrows or, alternatively, the solid and dashed bonds
of the vertex model. Each sub-lattice is identified by either a square or a circle at each site, from which we
identify four sets of edges la, lb, lc, ld. By changing the interpretation of one edge set, an even staggered
8-vertex model can be converted to an odd staggered 8-vertex model and vice-versa. On the left a column
staggered lattice, in the center a row staggered lattice, and on the right a bi-partite staggered lattice.
By swapping the interpretation of the edge variables on a horizontal subset of edges, say la, we have the
following mapping between column staggered lattices or bi-partite staggered lattices
w1 ↔ v7 w5 ↔ v4 w¯1 ↔ v¯5 w¯5 ↔ v¯1
w2 ↔ v8 w6 ↔ v3 w¯2 ↔ v¯6 w¯6 ↔ v¯2
w3 ↔ v6 w7 ↔ v1 w¯3 ↔ v¯8 w¯7 ↔ v¯4
w4 ↔ v5 w8 ↔ v2 w¯4 ↔ v¯7 w¯8 ↔ v¯3 (224)
while swapping the interpretation of the edge variables on a vertical subset of edges, say lc, we have the
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following mapping between row staggered lattices or bi-partite staggered lattices
w1 ↔ v1 w5 ↔ v5 w¯1 ↔ v¯3 w¯5 ↔ v¯8
w2 ↔ v2 w6 ↔ v6 w¯2 ↔ v¯4 w¯6 ↔ v¯7
w3 ↔ v3 w7 ↔ v7 w¯3 ↔ v¯1 w¯7 ↔ v¯6
w4 ↔ v4 w8 ↔ v8 w¯4 ↔ v¯2 w¯8 ↔ v¯5 (225)
Furthermore, because it is arbitrary which unit cell is used for each staggered model, it is possible to
interchange the v¯i and w¯i sets for each model independently, yielding 6 more mappings, for a total of 8. The
bi-partite staggered lattice respects all 8 mappings while the column staggered or row staggered lattices only
respects 4 of the mappings. While these mappings are valid in general, we note in particular that in each
of these mappings, the free-fermion condition in one model maps to the free-fermion condition in the other
model.
The column staggered even 8-vertex model can map to the homogeneous odd 8-vertex model with the
following specialization
w1 = w¯4= v5 w2= w¯3 = v6 w3 = w¯2= v8 w4= w¯1 = v7
w5 = w¯7= v1 w6= w¯8 = v2 w7 = w¯5= v4 w8= w¯6 = v3 (226)
and the column staggered odd 8-vertex model can map to the homogeneous even 8-vertex model with the
following specialization
v1 = v¯4= w5 v2= v¯3 = w6 v3 = v¯2= w8 v4= v¯1 = w7
v5 = v¯7= w1 v6= v¯8 = w2 v7 = v¯5= w4 v8= v¯6 = w3 (227)
Likewise, the row staggered even 8-vertex model can map to the homogeneous odd 8-vertex model with
the following specialization
w1 = w¯3= v3 w2= w¯4 = v4 w3 = w¯1= v1 w4= w¯2 = v2
w5 = w¯8= v8 w6= w¯7 = v7 w7 = w¯6= v6 w8= w¯5 = v5 (228)
and the row staggered odd 8-vertex model can map to the homogeneous even 8-vertex model with the
following specialization
v1 = v¯3= w3 v2= v¯4 = w4 v3 = v¯1= w1 v4= v¯2 = w2
v5 = v¯8= w8 v6= v¯7 = w7 v7 = v¯6= w6 v8= v¯5 = w5 (229)
For the bi-partite staggered either set of mappings above holds.
We note the following typos in [17] with regards to these mappings. The second line of the Theorem,
in the first set of weights, u3 and u4 are swapped; see the second line of equation (10) of [17]. In equation
(15) of [17], w′7 and w
′
8 are swapped, w
′
5 and w
′
6 are swapped, and the bottom left equation should read
w7 = w
′
6 = u7; see the first line of equation (10).
11.2.1 Mixed even and odd 8-vertex models
In staggering the lattice it is also possible to consider having only even weights on one sublattice and only
odd weights on the other sublattice. In this case, the model maps into itself when re-interpreting the edge
variables on one set of edges. These mixed models can be seen as specializations of the more general staggered
model with a staggering unit of 4 sites: by changing the interpretation of one or two edges per staggering
unit, an all even or all odd model can be changed to a mixed even-odd column or bi-partite staggered model,
respectively. In the free-fermion case, the column or bi-partite staggered mixed models can be specialized
from the work on Lin and Wu in [110].
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11.3 Mapping between column and bi-partite staggered free-fermion 8-vertex
models
In appendix E we give expressions for the free-energies of the even and odd column and bi-partite staggered
free-fermion 8-vertex models. The even bi-partite staggered free-fermion model was analyzed in [109]. The
phase transitions occur at the points given by
− w1w¯1 − w2w¯2 + w3w¯3 + w4w¯4 + w5w¯6 + w6w¯5 + w7w¯8 + w8w¯7 = 0 (230)
w1w¯1 + w2w¯2 − w3w¯3 − w4w¯4 + w5w¯6 + w6w¯5 + w7w¯8 + w8w¯7 = 0 (231)
w1w¯1 + w2w¯2 + w3w¯3 + w4w¯4 − w5w¯6 − w6w¯5 + w7w¯8 + w8w¯7 = 0 (232)
w1w¯1 + w2w¯2 + w3w¯3 + w4w¯4 + w5w¯6 + w6w¯5 − w7w¯8 − w8w¯7 = 0 (233)
where each condition allows up to 3 phase transitions. At these points the model has second order, logarithmic
phase transitions, except under certain subcases, where the phase transition has exponent α = 1/2 going to
a frozen state below Tc [109].
We have already given mappings between the even and odd cases of the staggered models in (224)–
(225). It is also possible to map the column and bi-partite staggered models to each other. The column
staggered free-fermion model has not received much attention in the past. Looking at the integrands of the
respective free-energy expressions in appendix E, we would like to set terms equal to each other. This can
be accomplished if the G term in the bi-partite staggered free-energy (341) vanishes, along with the E and
I terms for the column staggered free-energy (357), which correspond to
(v3v4 − v7v8) = (v¯3v¯4 − v¯7v¯8) = 0 (234)
for the odd case or
(w3w4 − w7w8) = (w¯3w¯4 − w¯7w¯8) = 0 (235)
for the even case. These conditions are equivalent to temperature independent free-fermion conditions for
each model. Alternatively, one could require the F term in the bi-partite staggered free-energy (341) and
the D and H terms for the column staggered free-energy (357) to vanish, which corresponds to
(w3w4 − w5w6) = (w¯3w¯4 − w¯5w¯6) = 0 (236)
for the even case, and similarly for the odd case. Again this corresponds to the temperature independent
free-fermion conditions of each model.
For the homogeneous model, all of the phase transition and disorder points happen only under tem-
perature independent free-fermion conditions [91]. If that continues to be the case for staggered models,
then there are no extra phase transition or disorder points in the bi-partite staggered model compared to
the column staggered model that is missed in choosing (234)–(235) or (236). Therefore, for the purposes
of analyzing the column staggered model, we can use all of the knowledge from the bi-partite staggered
analysis in [109]. Unfortunately a direct mapping of integrand terms does not appear to lead to enlightening
expressions, so that we consider a direct approach below in order to study the critical points of the column
staggered model. We point out also that the critical phenomena of both models are included as special cases
of the model of Lin and Wu [110], though the specialization to column staggering was not considered.
11.4 Analysis of the column staggered free-fermion 8-vertex model
We now look at the column staggered even free-fermion model, first considered in [142], but whose phase
transitions have not been previously analyzed. Following [92, 91], we can find a set of singularities of the
free-energy by setting {θ1, θ2} = {0, pi} in (357), which leads to four phase transition conditions, given as
follows
(w1 + w3)(w¯1 + w¯3)± (w2 − w4)(w¯2 − w¯4) = 0 (237)
(w2 + w4)(w¯2 + w¯4)± (w1 − w3)(w¯1 − w¯3) = 0 (238)
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While these conditions are implicit in [110], they have not been detailed before. The only singularities which
could possibly still occur would require strong constraints on the terms of the integrand, which at least in
the case of the homogeneous free-fermion model leads to singularities only in the analytic continuation of
the model [91]. A careful analysis of possible extra singularities which only obey the general free-fermion
condition (22) but not the temperature independent free-fermion condition (30) has never been performed
for staggered free-fermion models or for free-fermion models on other lattices, as far as we are aware.
From the mapping of the column to bi-partite staggered free-fermion model outlined above, since the
number of singularities in each case match, we can conclude that these phase transitions for the column
staggered free-fermion model correspond to temperature-independent free-fermion conditions. Furthermore,
we can conclude from the analysis of the bi-partite staggered free-fermion model in [109] that these phase
transition points for the column staggered free-fermion model correspond to second order, logarithmic phase
transitions, except under certain subcases, where the phase transition has exponent α = 1/2 going to a
frozen state below Tc.
12 Discussion
12.1 Boundary condition considerations
Under toroidal boundary conditions, the number of horizontal and vertical arrow sources and sinks in the
16-vertex model must be equal, which gives nontrivial global constraints on the number of particular vertex
weights wi, vi. Under free boundary conditions, however, there are no topological constraints on sources
and sinks and there are no corresponding constraints on the vertex weights. In particular, domain boundary
conditions could be considered for the odd 8-vertex model, analogous to those of the even 6-vertex model [150].
A sufficient condition for boundary condition independence of the 16-vertex model in the thermodynamic
limit, given in [150], is that
wi > 0, vi ≥ 0, i = 1 . . . 8 (239)
which does not constrain the odd 8-vertex model. We will note that in the case of close-packed dimers on
the square lattice, which is a subcase of the odd 8-vertex model, exact results show boundary condition
independence in the thermodynamic limit for free, cylindrical, and toroidal boundary conditions [10, 98, 99].
Under toroidal boundary conditions the partition function on the finite lattice is given by the sum of four
Pfaffians [98, 99]. In the thermodynamic limit, however, only a single Pfaffian is necessary to be considered,
since the others are degenerate. In appendix D we only consider one Pfaffian in order to construct the
free-energy solution in the thermodynamic limit, although the correct linear combination of four Pfaffians
could be derived following the methods in [98, 99]. It would presumably also be possible to solve the model
on a finite cylinder, using the methods in [151, 98, 99], or perhaps also under free boundary conditions, as
done recently for the Ising model [152].
As discussed in section 8, the current full mapping (172)–(181) from the even to the odd free-fermion
models is only valid in the thermodynamic limit, because on the finite torus a linear combination of four
Pfaffians is necessary to give the partition function, so that the mapping is only approximate between the
models. Furthermore, the mapping is between two lattice units in the odd model to one lattice unit in the
even model. Both these issues are analogous to the mapping from the free-fermion model to the checkerboard
lattice Ising model, where the mapping of [20] is valid on the finite toroidal lattice, but the mapping of [19]
is only valid in the thermodynamic limit and has an extra factor of 2 in the free energy compared to the free
energy of [20]. It would be convenient to find a boundary condition similar to that found by Brascamp and
Kunz [120] for the square lattice Ising model, which would give the finite lattice partition functions of the
even and odd free-fermion models in a single double product form, so that a finite lattice mapping can be
defined. Perhaps also special fixed boundary conditions like in [33] could be found to allow a direct mapping.
We have not succeeded in finding such suitable boundary conditions.
30
12.2 Free-fermion models
While a mapping remains to be found between the general even and odd free-fermion models on the finite
lattice, it holds in special cases, such as Baxter’s map from close-packed dimers to the even free-fermion
model in section 9. Nevertheless, from the perspective of critical phenomena, only the thermodynamic limit
is relevant, and they are fully equivalent in this limit, from (172)–(181). From the perspective of staggered
lattices, the even and odd free-fermion conditions are fully equivalent, since their partition functions are
fully equivalent. But using the weak-graph transformations in section 6, valid on the finite torus, we see
that in mapping between the anti-symmetric even model and the symmetric odd homogeneous models, the
general free-fermion condition in one model maps to the temperature-independent free-fermion condition in
the other model, showing the close association between the free-fermion conditions (22) and (44) and the
temperature-independent equivalents (30) and (45), respectively.
We believe that it hasn’t been so directly stated that because all of the phase transitions of the free-
fermion model occur for temperature independent free-fermion conditions, all of the essential physics of
the free-fermion model and the union-jack and checkerboard lattice Ising models can already be seen in the
triangular lattice Ising model, contrary to expectations based on counting the number of interactions in these
models. Moving to staggered lattices, the column and bi-partite square lattice staggered 8-vertex models
have a richer phase transition structure than the homogeneous free-fermion model, but the homogeneous
triangular lattice free-fermion model [105, 106] appears to be a larger model compared to the square lattice
staggered free-fermion models given in appendix E. It would appear that longer range, next-nearest-neighbor
interactions define larger models than staggered shorter range nearest-neighbor models. It would also be
interesting to compare the triangular free-fermion model with the union-jack or checkerboard free-fermion
model, as well as to larger staggered Ising models.
12.3 Disorder lines
The study of disorder lines in vertex models is well developed, starting with Stephenson’s characterization of
the disorder point TD of the anisotropic antiferromagnetic triangular Ising model [153, 154, 155, 156, 157].
This disorder point corresponds to the condition Ω2 = 0 in (32) and can be mapped to the odd 8-vertex
model using the free-energy free-fermion mapping (172)–(181). Peschel’s disorder condition for the general
even 8-vertex model [158], with w3 = w4, w5 = w6, w7 = w8, is given as
2 (w3 + w5)− (w1 + w2) = ±
√
4w27 + (w1 − w2)2 (240)
Under the free-fermion condition (22), this expression can be translated to the odd free-fermion model
using (172)–(181), but for the general odd 8-vertex model it cannot be done, since the mappings in sec-
tion 7.3.1 from the even to the odd 8-vertex model require an anti-symmetric even 8-vertex model, which
violates Peschel’s starting assumptions. Other disorder conditions are given in [159, 160] for the even 8-vertex
model, and in [161] for the staggered symmetric even 8-vertex model and the 16-vertex model. In [162], dis-
order conditions are given for the general 8-vertex model, the staggered 8-vertex model, which does not
have a disorder point for all positive weights, and the general 16-vertex model. Rae [163] gives the following
disorder conditions for the general 16-vertex model, for an arbitrary real number z satisfying the following
wi, vi 6= 0, i = 1 . . . 8
v7 z
2 + (w4 − w1)z − v5 = 0
v6 z
2 + (w2 − w3)z − v8 = 0
w7 z
2 + (v4 − v1)z − w5 = 0
w6 z
2 + (v2 − v3)z − w8 = 0 (241)
or else the condition
w5 = w8 = v5 = v8 = 0 (242)
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or the condition
w6 = w7 = v6 = v7 = 0 (243)
In all these cases, the disorder conditions correspond to a dimensional reduction of the models.
13 Conclusions
We have collected together and expanded many mappings of the 16-vertex model, in particular between
the even and the odd 8-vertex models, and have given new mappings as well. We have also collected and
expanded many transformations of the 16-vertex model, giving for the first time a complete list of partition
function symmetries in appendix B, and giving for the first time variable transformations which bring out
the dependence of the partition function on bond states in (16). We have also enlarged the number of known
weak-graph transformation matrices in section 6.
Historically mappings have allowed certain models to be solved, by relating a model to a known exact
solution. We have also seen in sections 58, 7, 8 many examples of models with negative weights being mapped
to models with only positive weights, showing the physicality of seemingly unphysical models. Further, work
on seemingly different models can be simplified once a mapping is provided. For example, the work on special
cases of the symmetric 16-vertex model in [164, 165, 166, 1, 2, 3, 4, 5, 6, 7, 8, 167] can all be related via
the weak-graph transformation (58) to the even 8-vertex model [77]. In particular, the models in [164, 165]
map to the general even 8-vertex model with w5 = w6 = w7 = w8, which has recently been studied in [168],
the models in [4, 7, 8, 167] map to the general even 8-vertex model with w3 = w4, w5 = w6, w7 = w8, and
the models in [1, 2, 3, 5, 6] map to the general even 8-vertex model with w3 = w4, w5 = w6 = −w7 = w8.
The models solved in [166] map, via the weak-graph transformation (58) and with the partition function
symmetries of appendix B, to particular cases of the general 6-vertex model; their candidate points for
integrability are particular cases of the general 8-vertex model with w3 = w4, w5 = w6, w7 = w8. Also,
in [169] it is shown that a mapping can be found to take a fully frustrated model with critical point at
Tc = 0 to an equivalent model with a finite temperature critical point. It would be interesting to apply this
technique to the odd 8-vertex model.
We have made use for the first time of the theory of algebraic invariants of the 16-vertex model as given
by Gaaff and Hijmans [126, 127], although we have found that using the invariants to construct mappings
between models leads to only sufficient conditions. Through other mappings, such as the free-energy free-
fermion mapping in section 8 and Baxter’s mapping in section 9, we see that mappings can be found which
do not respect the algebraic invariants of the model, even locally on the finite toroidal lattice. Consequently,
the set of algebraic invariants for a model and their relationships do not fully specify a model’s equivalency
class. We have used the algebraic invariants, however, to find new mappings in section 7 between the even
and odd 8-vertex models, valid on finite toroidal lattices, as well as a new mapping between the square
lattice Ising model in a field at H = ipi/(2β) and the odd 8-vertex model in section 10. At least with regards
to the algebraic invariants of the Ising model in a field, mapped to the 16-vertex model via (46) or (197),
we have found the complete list of complex magnetic field points which can be mapped to the even or odd
8-vertex models, which also automatically correspond to free-fermionic points of the general model. Unless
another mapping from the Ising model in a field to the 16-vertex model is found or else another means of
specializing the 16-vertex model to the even or odd 8-vertex models is found, our list of free-fermionic points,
also corresponding to 8-vertex model points, of the Ising model in a field is complete.
We have given complete derivation information for the dimer constructions of the solutions to the even
and odd staggered free-fermion 8-vertex models in appendix D, from which the homogeneous results can be
specialized. These are new solutions to the odd 8-vertex free-fermion model, valid on finite lattices, since
the only previously known solution was via the free-energy mapping of (172)–(181), which is only valid in
the thermodynamic limit.
On the staggered lattices, we consider a new mapping in section 11 between the column and bi-partite
staggered free-fermion 8-vertex models, valid under temperature-independent free-fermion conditions for
each model. In analogy with the homogeneous models, we conjecture that no critical phenomena is missed
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by choosing temperature independent free-fermion conditions in the mapping; for homogeneous free-fermion
models the general and temperature independent free-fermion conditions are interlinked, as explained in
sections 4, 6, and 7. Analyzing the column staggered model separately for the first time, we have provided
new details of the phase transitions of the model, which was only implicit in [110]. A proof equivalent to
that in [91] that no further singularities occur in staggered free-fermion models beyond the temperature
independent free-fermion conditions would complete the analysis of these models.
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A Notation conventions
We collect various notation conventions used in the literature for the even and odd weights in tables 1 and
2, respectively.
w1 w2 w3 w4 w5 w6 w7 w8 References
[9, 121, 170, 89, 77, 171]
[109]1,[67, 126, 164, 80, 17]1
[22, 16, 172, 173, 111, 86]
[19, 21, 87, 174, 175]
[88, 18],[109]1,[110, 142, 17]1
[102, 103, 104]
[176]
[109]1,[17]1
Table 1: Notation conventions for the even 8-vertex model weights. We use the first convention.
1In the derivation in the appendix of [109], it is clear from their Figure 4 that they are using the previous convention of [18]
and not the convention shown in Figure 1 of [109]. Also, in carrying out their derivation we see that in the quoted free-energy
an angle transformation θ → −θ has been performed, which is equivalent to a further change of notation, swapping w3 and
w4 plus swapping w7 and w8. Therefore, in practice the notation of [109] corresponds to the last entry of table 1. The results
of [17] use the results of [109] in contrast to Figure 2 of [17].
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v1 v2 v3 v4 v5 v6 v7 v8 References
[121, 17]1
[89, 171, 164]
[77, 126]
[9]
[17]1
Table 2: Notation conventions for the odd 8-vertex model weights. We use the first convention.
B Partition function symmetries
The partition function of the full 16-vertex model must be invariant under various lattice and bond-reversal
transformations. There are four generators for the symmetries, two for the dihedral group of order 8 of
lattice rotations and reflections, and two due to horizontal and vertical bond reversal symmetries. We call
the counter-clockwise rotation generator c, the horizontal reflection generator r, and the horizontal and
vertical bond reversal operations h and v respectively. Together, they generate the group C2 × C2 ×D8 of
order 32, where C2 is the cyclic group of order 2 and D8 is the dihedral group of order 8. We list each of
the transformations below, from which the even and odd 8-vertex model transformations can be found by
1Because of the issues noted in footnote 1 on page 34, the notation used in practice in [17] is not the one shown in their
Figure 1, but the last entry of table 2.
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specialization. We note that this list is larger than those found in [88, 18, 89, 17].
I : (w1, w2, w3, w4, w5, w6, w7, w8; v1, v2, v3, v4, v5, v6, v7, v8) (244)
c2 : (w1, w2, w3, w4, w6, w5, w8, w7; v3, v4, v1, v2, v7, v8, v5, v6) (245)
r : (w1, w2, w3, w4, w7, w8, w5, w6; v1, v2, v3, v4, v7, v8, v5, v6) (246)
c2r : (w1, w2, w3, w4, w8, w7, w6, w5; v3, v4, v1, v2, v5, v6, v7, v8) (247)
c3r : (w1, w2, w4, w3, w5, w6, w8, w7; v5, v6, v7, v8, v1, v2, v3, v4) (248)
cr : (w1, w2, w4, w3, w6, w5, w7, w8; v7, v8, v5, v6, v3, v4, v1, v2) (249)
c3 : (w1, w2, w4, w3, w7, w8, w6, w5; v7, v8, v5, v6, v1, v2, v3, v4) (250)
c : (w1, w2, w4, w3, w8, w7, w5, w6; v5, v6, v7, v8, v3, v4, v1, v2) (251)
crhv : (w2, w1, w3, w4, w5, w6, w8, w7; v8, v7, v6, v5, v4, v3, v2, v1) (252)
c3rhv : (w2, w1, w3, w4, w6, w5, w7, w8; v6, v5, v8, v7, v2, v1, v4, v3) (253)
chv : (w2, w1, w3, w4, w7, w8, w6, w5; v6, v5, v8, v7, v4, v3, v2, v1) (254)
c3hv : (w2, w1, w3, w4, w8, w7, w5, w6; v8, v7, v6, v5, v2, v1, v4, v3) (255)
c2hv : (w2, w1, w4, w3, w5, w6, w7, w8; v4, v3, v2, v1, v8, v7, v6, v5) (256)
hv : (w2, w1, w4, w3, w6, w5, w8, w7; v2, v1, v4, v3, v6, v5, v8, v7) (257)
c2rhv : (w2, w1, w4, w3, w7, w8, w5, w6; v4, v3, v2, v1, v6, v5, v8, v7) (258)
rhv : (w2, w1, w4, w3, w8, w7, w6, w5; v2, v1, v4, v3, v8, v7, v6, v5) (259)
c2rv : (w3, w4, w1, w2, w5, w6, w7, w8; v1, v2, v3, v4, v8, v7, v6, v5) (260)
rv : (w3, w4, w1, w2, w6, w5, w8, w7; v3, v4, v1, v2, v6, v5, v8, v7) (261)
c2v : (w3, w4, w1, w2, w7, w8, w5, w6; v1, v2, v3, v4, v6, v5, v8, v7) (262)
v : (w3, w4, w1, w2, w8, w7, w6, w5; v3, v4, v1, v2, v8, v7, v6, v5) (263)
cv : (w3, w4, w2, w1, w5, w6, w8, w7; v8, v7, v6, v5, v1, v2, v3, v4) (264)
c3v : (w3, w4, w2, w1, w6, w5, w7, w8; v6, v5, v8, v7, v3, v4, v1, v2) (265)
crv : (w3, w4, w2, w1, w7, w8, w6, w5; v6, v5, v8, v7, v1, v2, v3, v4) (266)
c3rv : (w3, w4, w2, w1, w8, w7, w5, w6; v8, v7, v6, v5, v3, v4, v1, v2) (267)
c3h : (w4, w3, w1, w2, w5, w6, w8, w7; v5, v6, v7, v8, v4, v3, v2, v1) (268)
ch : (w4, w3, w1, w2, w6, w5, w7, w8; v7, v8, v5, v6, v2, v1, v4, v3) (269)
c3rh : (w4, w3, w1, w2, w7, w8, w6, w5; v7, v8, v5, v6, v4, v3, v2, v1) (270)
crh : (w4, w3, w1, w2, w8, w7, w5, w6; v5, v6, v7, v8, v2, v1, v4, v3) (271)
rh : (w4, w3, w2, w1, w5, w6, w7, w8; v4, v3, v2, v1, v5, v6, v7, v8) (272)
c2rh : (w4, w3, w2, w1, w6, w5, w8, w7; v2, v1, v4, v3, v7, v8, v5, v6) (273)
h : (w4, w3, w2, w1, w7, w8, w5, w6; v4, v3, v2, v1, v7, v8, v5, v6) (274)
c2h : (w4, w3, w2, w1, w8, w7, w6, w5; v2, v1, v4, v3, v5, v6, v7, v8) (275)
C The SL(2)× SL(2) transformation
Using the SL(2) × SL(2) transformation (73) of Gaaff and Hijmans [126], we can convert it into a 16 × 16
matrix acting on the weight vector w defined in section 6. In the matrix below, we assume without loss of
generality that
s1s3 − s2s4 = 1, t1t3 − t2t4 = 1 (276)
so that the matrices S and T both have unit determinant. The matrix below then has determinant equal to
-1, so that it corresponds to an involution. A comparison with the weak-graph transformation in (58) reveals
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that this transformation does not specialize to the weak-graph transformation, although the the partition
function is invariant under both sets of transformations.
s1t3s4t4 s2t1s3t2 s3t1s4t4 s1t2s2t3 −s3t2s4t3 −s1t1s2t4 s2t2s3t3 s1t1s2t2
s2t3s3t4 s1t1s4t2 s3t2s4t3 s1t1s2t4 −s3t1s4t4 −s1t2s2t3 s1t1s4t4 s1t1s2t2
−s2t3s3t4 −s1t1s4t2 −s3t1s4t4 −s1t2s2t3 s3t2s4t3 s1t1s2t4 −s1t2s4t3 −s1t1s2t2
−s1t3s4t4 −s2t1s3t2 −s3t2s4t3 −s1t1s2t4 s3t1s4t4 s1t2s2t3 −s2t1s3t4 −s1t1s2t2
−s1s3t24 −s1s3t22 −s23t2t4 −s21t2t4 s23t2t4 s21t2t4 −s1s3t2t4 −s21t22
−s2s4t23 −s2s4t21 −s24t1t3 −s22t1t3 s24t1t3 s22t1t3 −s2s4t1t3 −s22t21
s1s3t
2
3 s1s3t
2
1 s
2
3t1t3 s
2
1t1t3 −s23t1t3 −s21t1t3 s1s3t1t3 s21t21
s2s4t
2
4 s2s4t
2
2 s
2
4t2t4 s
2
2t2t4 −s24t2t4 −s22t2t4 s2s4t2t4 s22t22
−s1s4t23 −s2s3t21 −s3s4t1t3 −s1s2t1t3 s3s4t1t3 s1s2t1t3 −s2s3t1t3 −s1s2t21
−s2s3t24 −s1s4t22 −s3s4t2t4 −s1s2t2t4 s3s4t2t4 s1s2t2t4 −s1s4t2t4 −s1s2t22
s2s3t
2
3 s1s4t
2
1 s3s4t1t3 s1s2t1t3 −s3s4t1t3 −s1s2t1t3 s1s4t1t3 s1s2t21
s1s4t
2
4 s2s3t
2
2 s3s4t2t4 s1s2t2t4 −s3s4t2t4 −s1s2t2t4 s2s3t2t4 s1s2t22
s1s3t3t4 s1s3t1t2 s
2
3t2t3 s
2
1t1t4 −s23t1t4 −s21t2t3 s1s3t1t4 s21t1t2
s2s4t3t4 s2s4t1t2 s
2
4t1t4 s
2
2t2t3 −s24t2t3 −s22t1t4 s2s4t2t3 s22t1t2
−s2s4t3t4 −s2s4t1t2 −s24t2t3 −s22t1t4 s24t1t4 s22t2t3 −s2s4t1t4 −s22t1t2
−s1s3t3t4 −s1s3t1t2 −s23t1t4 −s21t2t3 s23t2t3 s21t1t4 −s1s3t2t3 −s21t1t2
−s1t3s2t4 −s2t1s3t4 −s1t2s4t3 −s3t1s4t2 s3t3s4t4 s1t1s4t4 −s1t1s4t2 −s2t3s3t4
−s1t3s2t4 −s1t2s4t3 −s2t1s3t4 −s3t1s4t2 s3t3s4t4 s2t2s3t3 −s2t1s3t2 −s1t3s4t4
s1t3s2t4 s1t1s4t4 s2t2s3t3 s3t1s4t2 −s3t3s4t4 −s2t1s3t4 s2t1s3t2 s1t3s4t4
s1t3s2t4 s2t2s3t3 s1t1s4t4 s3t1s4t2 −s3t3s4t4 −s1t2s4t3 s1t1s4t2 s2t3s3t4
s21t
2
4 s1s3t2t4 s1s3t2t4 s
2
3t
2
2 −s23t24 −s1s3t2t4 s1s3t22 s1s3t24
s22t
2
3 s2s4t1t3 s2s4t1t3 s
2
4t
2
1 −s24t23 −s2s4t1t3 s2s4t21 s2s4t23
−s21t23 −s1s3t1t3 −s1s3t1t3 −s23t21 s23t23 s1s3t1t3 −s1s3t21 −s1s3t23
−s22t24 −s2s4t2t4 −s2s4t2t4 −s24t22 s24t24 s2s4t2t4 −s2s4t22 −s2s4t24
s1s2t
2
3 s2s3t1t3 s1s4t1t3 s3s4t
2
1 −s3s4t23 −s1s4t1t3 s1s4t21 s2s3t23
s1s2t
2
4 s1s4t2t4 s2s3t2t4 s3s4t
2
2 −s3s4t24 −s2s3t2t4 s2s3t22 s1s4t24
−s1s2t23 −s1s4t1t3 −s2s3t1t3 −s3s4t21 s3s4t23 s2s3t1t3 −s2s3t21 −s1s4t23
−s1s2t24 −s2s3t2t4 −s1s4t2t4 −s3s4t22 s3s4t24 s1s4t2t4 −s1s4t22 −s2s3t24
−s21t3t4 −s1s3t2t3 −s1s3t1t4 −s23t1t2 s23t3t4 s1s3t2t3 −s1s3t1t2 −s1s3t3t4
−s22t3t4 −s2s4t1t4 −s2s4t2t3 −s24t1t2 s24t3t4 s2s4t1t4 −s2s4t1t2 −s2s4t3t4
s22t3t4 s2s4t2t3 s2s4t1t4 s
2
4t1t2 −s24t3t4 −s2s4t2t3 s2s4t1t2 s2s4t3t4
s21t3t4 s1s3t1t4 s1s3t2t3 s
2
3t1t2 −s23t3t4 −s1s3t1t4 s1s3t1t2 s1s3t3t4

(277)
D Dimer constructions for even and odd free-fermion 8-vertex
models
In the following subsections we outline the dimer solution method of [98, 99] to construct the free energies
of the even and odd 8-vertex staggered free-fermion models, appropriate for finite lattices.
D.1 The odd 8-vertex models
We consider a square lattice with toroidal boundary conditions, of size M×N . Using the dimer construction
of Fan and Wu [18], we will eliminate the central bond “w2” in their notation in order for the dimer coverings
to match the odd 8-vertex weights, as shown in figure 9. Each of the weights can be written in terms of the
lattice bond weights zi, defined in figure 10a.
37
v4
=
v3
= +
v2
=
v1
= +
v8
=
v7
= +
v6
=
v5
= +
Figure 9: The correspondence between the odd 8-vertex model weights and the dimer weights.
U
D
L RC
z1
z2
z3
z4
z5
z6
z7
z8
1
1
1 1
(a) Site and bond weight definitions around a cluster
for the odd 8-vertex model.
(b) Orientation graph convention on the column stag-
gered lattice for the odd 8-vertex model.
Figure 10
Figure 11: Orientation graph convention on the bi-partite staggered lattice for the odd 8-vertex model.
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From figures 9 and 10a, the odd 8-vertex weights have the following expressions in terms of bond weights
v1 = z1z8 + z3z7, v2 = z6, v3 = z2z7 + z4z8, v4 = z5, (278)
v5 = z1z6 + z4z5, v6 = z8, v7 = z2z5 + z3z6, v8 = z7 (279)
It can be seen from these relations that the model weights vi follow the free-fermion condition
v1v2 + v3v4 = v5v6 + v7v8 (280)
One of the weights zi is superfluous and can be made arbitrary. We here take z2 = 1.
We can now solve for the bond weights zi in terms of the vertex weights vi,
z1 =
v4v8 + v5v6 − v3v4
v2v6
=
v1v2 + v4v8 − v7v8
v2v6
(281)
z2 = 1, z3 =
v7 − v4
v2
, z4 =
v3 − v8
v6
(282)
z5 = v4, z6 = v2, z7 = v8, z8 = v6 (283)
Because there are an odd number of sites in each cluster surrounding the vertex of the original lattice,
the basic unit must consist of two clusters in order to allow a full dimer covering of the sites. As a result,
ensuring that every transition cycle has a negative sign requires an alternation of bond orientations of one
bond across rows or columns, or else across sub-lattices. As opposed to the even 8-vertex model, the odd
8-vertex model is naturally a staggered model when solved as a dimer model. We choose the convention
shown in the orientation graph of figure 10 for the column staggered model, and the convention shown in the
orientation graph of figure 11 for the bi-partite staggered model. For the staggered odd 8-vertex free-fermion
models, we define new bond weights on the second cluster, denoted as z¯i, as well as corresponding vertex
weights v¯i. Again we have the free-fermion constraint
v¯1v¯2 + v¯3v¯4 = v¯5v¯6 + v¯7v¯8 (284)
on the staggered weights.
We consider first the column staggered case. Its partition function will be given by a Pfaffian whose
square is given by the determinant of the following matrix
M8OC = T ⊗ IN ⊗ IM +A1 ⊗HTN ⊗ IM +A2 ⊗HN ⊗ IM +B1 ⊗ IN ⊗HTM +B2 ⊗ IN ⊗HM (285)
where the In are n× n identity matrices, where T is defined as
T =

U1 D1 L1 R1 C1 U2 D2 L2 R2 C2
U1 0 0 z1 z3 z5 0 0 0 0 0
D1 0 0 z4 z2 −z6 0 0 0 0 0
L1 −z1 −z4 0 0 −z7 0 0 0 0 0
R1 −z3 −z2 0 0 z8 0 0 1 0 0
C1 −z5 z6 z7 −z8 0 0 0 0 0 0
U2 0 0 0 0 0 0 0 z¯1 z¯3 z¯5
D2 0 0 0 0 0 0 0 z¯4 z¯2 −z¯6
L2 0 0 0 −1 0 −z¯1 −z¯4 0 0 −z¯7
R2 0 0 0 0 0 −z¯3 −z¯2 0 0 z¯8
C2 0 0 0 0 0 −z¯5 z¯6 z¯7 −z¯8 0

(286)
with the left cluster having index 1 and the right cluster index 2, where the n× n matrix Hn is defined as
Hn =

0 1 0 · · · 0
0 0 1 · · · 0
...
...
...
. . .
...
0 0 0 · · · 1
1 0 0 · · · 0
 (287)
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and where the non-zero elements of the 10× 10 matrices A1, A2, B1, B2 are given by
(A1)L1,R2 = −(A2)R2,L1 = −1 (288)
(B1)U1,D1 = −(B1)U2,D2 = 1 (289)
(B2)D1,U1 = −(B2)D2,U2 = −1 (290)
The determinant of M8OC is then given by
Det(M8OC) =
∏
θ1
∏
θ2
D(θ1, θ2) (291)
=
∏
θ1
∏
θ2
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 e−iθ2 z1 z3 z5 0 0 0 0 0
−eiθ2 0 z4 z2 −z6 0 0 0 0 0
−z1 −z4 0 0 −z7 0 0 0 −e−iθ1 0
−z3 −z2 0 0 z8 0 0 1 0 0
−z5 z6 z7 −z8 0 0 0 0 0 0
0 0 0 0 0 0 −e−iθ2 z¯1 z¯3 z¯5
0 0 0 0 0 eiθ2 0 z¯4 z¯2 −z¯6
0 0 0 −1 0 −z¯1 −z¯4 0 0 −z¯7
0 0 eiθ1 0 0 −z¯3 −z¯2 0 0 z¯8
0 0 0 0 0 −z¯5 z¯6 z¯7 −z¯8 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(292)
where
θ1 =
2pin
N
, θ2 =
2pim
M
(293)
and where n = 1, . . . , N and m = 1, . . . ,M .
The partition function Z8OC is the square root of the determinant of M8OC
2. In the thermodynamic
limit, the free energy f8OC is given by
f8OC = − 1
2β
lim
M→∞
lim
N→∞
1
MN
lnZ8OC = − 1
2β
lim
M→∞
lim
N→∞
1
MN
ln Det(M8OC)
1/2 (294)
where the leading factor of 2 is due to the fact that there are two clusters in each unit.
The logarithm of the products in the determinant can be expanded and written as integrals in the
thermodynamic limit, giving the following free energy expression
− βf8OC = 1
16pi2
∫ 2pi
0
∫ 2pi
0
ln
[
D(θ1, θ2)
]
dθ1dθ2 (295)
The bi-partite staggered lattice can be solved analogously, for which we have the following altered ex-
pressions
M8OB =
T⊗IN⊗IM+A1⊗HTN⊗IM+A2⊗HN⊗IM+B1⊗IN⊗HTM+B2⊗IN⊗HM+C1⊗HTN⊗HM+C2⊗HN⊗HTM
(296)
with
(A1)L1,R2 = −(A2)R2,L1 = −1 (297)
(B1)U2,D1 = −(B2)D1,U2 = 1 (298)
(C1)U1,D2 = −(C2)D2,U1 = −1 (299)
2On the finite lattice, for toroidal boundary conditions, four Pfaffians are actually needed, but they become degenerate in
the thermodynamic limit [98, 99].
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and now
D(θ1, θ2) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 z1 z3 z5 0 −ei(θ2−θ1) 0 0 0
0 0 z4 z2 −z6 −e−iθ2 0 0 0 0
−z1 −z4 0 0 −z7 0 0 0 −e−iθ1 0
−z3 −z2 0 0 z8 0 0 1 0 0
−z5 z6 z7 −z8 0 0 0 0 0 0
0 eiθ2 0 0 0 0 0 z¯1 z¯3 z¯5
ei(θ1−θ1) 0 0 0 0 0 0 z¯4 z¯2 −z¯6
0 0 0 −1 0 −z¯1 −z¯4 0 0 −z¯7
0 0 eiθ1 0 0 −z¯3 −z¯2 0 0 z¯8
0 0 0 0 0 −z¯5 z¯6 z¯7 −z¯8 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(300)
D.2 The even free-fermion 8-vertex models
For the even free-fermion 8-vertex model, we follow a similar procedure as for the odd 8-vertex model. In
the homogeneous case it is not necessary to stagger the lattice in order to solve it, as opposed to the odd
8-vertex model. In figure 12, we show the dimer cluster we use and the bond orientation convention.
z1
z2
z3
z4
z5
z6
z7
z8
z91
1
1
1
Figure 12: Cluster definition, and bond orientation convention for the even 8-vertex models.
From dimer coverings, we find the following correspondence between the even 8-vertex weights wi and
the internal bonds zi, as well as the inverse mapping below between zi and wi after choosing to eliminate
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the extra degrees of freedom in the zi by choosing z7 = z9 = 1
w1 = z1z7z8 + z2z6z9 + z5(z1z2 + z3z4) z1 =
w5 − w4
w2
(301)
w2 = z5 z2 =
w6 − w3
w2
(302)
w3 = z8z9 z3 =
w7
w2
(303)
w4 = z6z7 ⇒ z4 = w8
w2
(304)
w5 = z1z5 + z6z9 z5 = w2 (305)
w6 = z2z5 + z7z8 z6 = w4 (306)
w7 = z3z5 z7 = 1 (307)
w8 = z4z5 z8 = w3 (308)
z9 = 1 (309)
Again, the relations (301)–(309) enforce the free-fermion condition
w2w1 + w4w3 = w6w5 + w7w8 (310)
as was the case for the odd weights. For the staggered lattices, staggered bond weights z¯i and staggered
vertex weights w¯i are defined in the same manner, which also obey an analogous free-fermion condition.
We define a matrix T as above, valid both for the column and bi-partite staggered even 8-vertex models
T =

U1 D1 L1 R1 C1 E1 U2 D2 L2 R2 C2 E2
U1 0 0 −z1 −z3 −z6 0 0 0 0 0 0 0
D1 0 0 −z4 z2 0 −z7 0 0 0 0 0 0
L1 z1 z4 0 0 0 z9 0 0 0 0 0 0
R1 z3 −z2 0 0 z8 0 0 0 1 0 0 0
C1 z6 0 0 −z8 0 −z5 0 0 0 0 0 0
E1 0 z7 −z9 0 z5 0 0 0 0 0 0 0
U2 0 0 0 0 0 0 0 0 −z¯1 −z¯3 −z¯6 0
D2 0 0 0 0 0 0 0 0 −z¯4 z¯2 0 −z¯7
L2 0 0 0 −1 0 0 z¯1 z¯4 0 0 0 z¯9
R2 0 0 0 0 0 0 z¯3 −z¯2 0 0 z¯8 0
C2 0 0 0 0 0 0 z¯6 0 0 −z¯8 0 −z¯5
E2 0 0 0 0 0 0 0 z¯7 −z¯9 0 z¯5 0

(311)
with the left cluster having index 1 and the right cluster index 2. The free-energies of the homogeneous,
column staggered, and bi-partite staggered can now be found in a straight forward manner by modifying the
expressions for the odd 8-vertex model in the previous subsection.
E Free-fermion 8-vertex model solutions
E.1 Odd 8-vertex model, bi-partite staggered
The bi-partite staggered odd free-fermion 8-vertex model free energy is given below
− βf8OB = 1
16pi2
∫ 2pi
0
∫ 2pi
0
ln
[
A+ 2B cos(θ1) + 2C cos(θ2) + 2D cos(θ1 − θ2)
+2E cos(θ1 + θ2) + 2F cos(2θ1) + 2G cos(2θ2)
]
dθ1dθ2 (312)
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where
A = v¯28v
2
6 + v¯
2
7v
2
5 + v¯
2
5v
2
7 + v¯
2
6v
2
8 + v¯
2
3v
2
1 + v¯
2
4v
2
2 + v¯
2
1v
2
3 + v¯
2
2v
2
4 + 2(v8v7 + v5v6)(v¯8v¯7 + v¯5v¯6) (313)
B = (v1v¯3 + v2v¯4)(v7v¯5 + v8v¯6)− (v3v¯1 + v4v¯2)(v5v¯7 + v6v¯8) (314)
C = (v3v¯1 + v4v¯2)(v7v¯5 + v8v¯6)− (v1v¯3 + v2v¯4)(v5v¯7 + v6v¯8) (315)
D = v1v4v¯2v¯3 + v2v3v¯1v¯4 − v6v8v¯6v¯8 − v5v7v¯5v¯7 (316)
E = v1v3v¯1v¯3 + v2v4v¯2v¯4 − v6v7v¯5v¯8 − v5v8v¯6v¯7 (317)
F = −(v1v2 − v5v6)(v¯1v¯2 − v¯5v¯6) (318)
G = −(v1v2 − v7v8)(v¯1v¯2 − v¯7v¯8) (319)
Specializing to homogeneous variables and using the transformation θ1 → (−θ1+θ2)/2, θ2 → (θ1+θ2)/2,
we have the following expression
−βf8O = 1
16pi2
∫ 2pi
0
∫ 2pi
0
ln
[
2A+2D cos(θ1)+2E cos(θ2)+2F cos(θ2−θ1)+2G cos(θ2+θ1)
]
dθ1dθ2 (320)
where
A = (v1v2 + v3v4)(v5v6 + v7v8) + (v
2
1v
2
3 + v
2
2v
2
4) + (v
2
5v
2
7 + v
2
6v
2
8) (321)
D = 2v1v2v3v4 − (v25v27 + v26v28) (322)
E = (v21v
2
3 + v
2
2v
2
4)− 2v5v6v7v8 (323)
F = (v1v2 − v5v6)(v3v4 − v7v8) (324)
G = (v1v2 − v7v8)(v3v4 − v5v6) (325)
E.2 Odd 8-vertex, column staggered
The column staggered odd 8-vertex free-fermion model’s free energy is given by
− βf8OC = 1
16pi2
∫ 2pi
0
∫ 2pi
0
ln
[
A+ 2B cos(θ1) + 2C cos(θ2) + 2D cos(θ1 − θ2) + 2E cos(θ1 + θ2)
+2G cos(2θ2) + 2H cos(θ1 − 2θ2) + 2I cos(θ1 + 2θ2)
]
dθ1dθ2 (326)
where
A = (v25 + v
2
8)(v¯
2
6 + v¯
2
7) + (v
2
6 + v
2
7)(v¯
2
5 + v¯
2
8) + 2v1v3v¯1v¯3 + 2v2v4v¯2v¯4 + 2v5v8v¯6v¯7 + 2v6v7v¯5v¯8
(327)
B = v1v2v¯3v¯4 + v3v4v¯1v¯2 − v5v6v¯7v¯8 − v7v8v¯5v¯6 − (v5v7 − v6v8)(v¯5v¯7 − v¯6v¯8) (328)
C = v¯5v¯8(v
2
6 + v
2
7)− v¯6v¯7(v25 + v28)− v5v8(v¯26 + v¯27) + v6v7(v¯25 + v¯28) (329)
D = (v3v4 − v5v6)(v¯5v¯7 − v¯6v¯8)− (v5v7 − v6v8)(v¯3v¯4 − v¯5v¯6) (330)
E = (v1v2 − v5v6)(v¯5v¯7 − v¯6v¯8)− (v5v7 − v6v8)(v¯1v¯2 − v¯5v¯6) (331)
G = v8v5v¯7v¯6 + v7v6v¯8v¯5 − v3v1v¯3v¯1 − v4v2v¯4v¯2 (332)
H = (v1v2 − v7v8)(v¯1v¯2 − v¯7v¯8) (333)
I = (v1v2 − v5v6)(v¯1v¯2 − v¯5v¯6) (334)
Specializing to homogeneous variables and using the transformation 2θ2 → θ2 we have the following
expression
− βf8O = 1
16pi2
∫ 2pi
0
∫ 2pi
0
ln
[
A+ 2B cos(θ1) + 2D cos(θ2) + 2H cos(θ1 − θ2) + 2I cos(θ1 + θ2)
]
dθ1dθ2 (335)
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where
A = 2(v25 + v
2
8)(v
2
6 + v
2
7) + 2v
2
1v
2
3 + 2v
2
2v
2
4 + 4v5v6v7v8 (336)
B = 2v1v2v3v4 − v25v27 − v26v28 (337)
G = 2v5v6v7v8 − v21v23 − v22v24 (338)
H = (v1v2 − v7v8)2 (339)
I = (v1v2 − v5v6)2 (340)
E.3 Even 8-vertex model, bi-partite staggered
The bi-partite staggered even 8-vertex free-fermion model free-energy is given by
− βf8EB = 1
16pi2
∫ 2pi
0
∫ 2pi
0
ln
[
A+ 2B cos(θ1) + 2C cos(θ2) + 2D cos(θ1 − θ2)
+2E cos(θ1 + θ2) + 2F cos(2θ1) + 2G cos(2θ2)
]
dθ1dθ2 (341)
where
A = w21w¯
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2
3w¯
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2
4w¯
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2
5w¯
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2
6w¯
2
5 + w
2
7w¯
2
8 + w
2
8w¯
2
7 + 2(w5w6 + w7w8)(w¯5w¯6 + w¯7w¯8)
(342)
B = −(w1w¯1 + w2w¯2)(w5w¯6 + w6w¯5) + (w3w¯3 + w4w¯4)(w7w¯8 + w8w¯7) (343)
C = −(w1w¯1 + w2w¯2)(w7w¯8 + w8w¯7) + (w3w¯3 + w4w¯4)(w5w¯6 + w6w¯5) (344)
D = −w1w4w¯1w¯4 − w2w3w¯2w¯3 + w5w7w¯6w¯8 + w6w8w¯5w¯7 (345)
E = −w1w3w¯1w¯3 − w2w4w¯2w¯4 + w5w8w¯6w¯7 + w6w7w¯5w¯8 (346)
F = (w3w4 − w5w6)(w¯3w¯4 − w¯5w¯6) (347)
G = (w3w4 − w7w8)(w¯3w¯4 − w¯7w¯8) (348)
Specializing to homogeneous variables, we also have the following free-energy expression
− βfE = 1
16pi2
∫ 2pi
0
∫ 2pi
0
ln
[
A+ 2B cos(θ1) + 2C cos(θ2) + 2D cos(θ1 − θ2)
+2E cos(θ1 + θ2) + 2F cos(2θ1) + 2G cos(2θ2)
]
dθ1dθ2 (349)
where
A = w41 + w
4
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4
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4
4 + 4w
2
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2
6 + 4w5w6w7w8 + 4w
2
7w
2
8 (350)
B = 2w7w8(w
2
3 + w
2
4)− 2w5w6(w21 + w22) (351)
C = 2w5w6(w
2
3 + w
2
4)− 2w7w8(w21 + w22) (352)
D = 2w5w6w7w8 − w21w24 − w22w23 (353)
E = 2w5w6w7w8 − w21w23 − w22w24 (354)
F = (w3w4 − w5w6)2 (355)
G = (w3w4 − w7w8)2 (356)
E.4 Even 8-vertex model, column staggered
The column staggered even 8-vertex model free-fermion free-energy is given by
− βf8EC = 1
16pi2
∫ 2pi
0
∫ 2pi
0
ln
[
A+ 2B cos(θ1) + 2C cos(θ2) + 2D cos(θ1 − θ2) + 2E cos(θ1 + θ2)
+2G cos(2θ2) + 2H cos(θ1 − 2θ2) + 2I cos(θ1 + 2θ2)
]
dθ1dθ2 (357)
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where
A = (w21 + w
2
3)(w¯
2
1 + w¯
2
3) + (w
2
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2
4)(w¯
2
2 + w¯
2
4) + 2(w1w3w¯1w¯3 + w2w¯2w4w¯4 + w5w8w¯6w¯7 + w6w7w¯5w¯8)
(358)
B = −(w1w4 − w2w3)(w¯1w¯4 − w¯2w¯3) + w1w2w¯3w¯4 + w3w4w¯1w¯2 − w5w6w¯7w¯8 − w7w8w¯6w¯5 (359)
C = −w1w3(w¯21 + w¯23)− w¯1w¯3(w21 + w23) + w2w4(w¯22 + w¯24) + w¯2w¯4(w22 + w24) (360)
D = (w1w4 − w2w3)(w¯3w¯4 − w¯5w¯6) + (w¯1w¯4 − w¯2w¯3)(w3w4 − w5w6) (361)
E = (w1w4 − w2w3)(w¯3w¯4 − w¯7w¯8) + (w¯1w¯4 − w¯2w¯3)(w3w4 − w7w8) (362)
G = w1w3w¯1w¯3 + w2w4w¯2w¯4 − w5w8w¯6w¯7 − w6w7w¯5w¯8 (363)
H = −(w3w4 − w5w6)(w¯3w¯4 − w¯5w¯6) (364)
I = −(w3w4 − w7w8)(w¯3w¯4 − w¯7w¯8) (365)
Specializing to homogeneous variables, we have the following new free-energy expression
− βf8E = 1
16pi2
∫ 2pi
0
∫ 2pi
0
ln
[
A+ 2B cos(θ1) + 2C cos(θ2) + 2D cos(θ1 − θ2) + 2E cos(θ1 + θ2)
+2G cos(2θ2) + 2H cos(θ1 − 2θ2) + 2I cos(θ1 + 2θ2)
]
dθ1dθ2 (366)
where
A = (w21 + w
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2 + 2w21w
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2
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2 + 2w22w
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4 + 4w5w6w7w8 (367)
B = −(w1w4 − w2w3)2 + 2w1w2w3w4 − 2w5w6w7w8 (368)
C = −2w1w3(w21 + w23) + 2w2w4(w22 + w24) (369)
D = 2(w1w4 − w2w3)(w3w4 − w5w6) (370)
E = 2(w1w4 − w2w3)(w3w4 − w7w8) (371)
G = w21w
2
3 + w
2
2w
2
4 − 2w5w6w7w8 (372)
H = −(w3w4 − w5w6)2 (373)
I = −(w3w4 − w7w8)2 (374)
References
[1] R. F. Wang, C. Nisoli, R. S. Freitas, J. Li, W. McConville, B. J. Cooley, M. S. Lund, N. Samarth,
C. Leighton, V. H. Crespi, and P. Schiffer. Artificial ‘spin ice’ in a geometrically frustrated lattice of
nanoscale ferromagnetic islands. Nature, 439:303–306, 8 2006.
[2] R. F. Wang, C. Nisoli, R. S. Freitas, J. Li, W. McConville, B. J. Cooley, M. S. Lund, N. Samarth,
C. Leighton, V. H. Crespi, and P. Schiffer. Artificial ‘spin ice’ in a geometrically frustrated lattice of
nanoscale ferromagnetic islands. Nature, 446:102, 3 2007.
[3] Jason Morgan, Aaron Stein, Sean Langridge, and Christopher H. Marrows. Thermal ground-state
ordering and elementary excitations in artificial magnetic square ice. Nat Phys, 7:1745–2473, 2010.
[4] D. Levis and L. F. Cugliandolo. Out-of-equilibrium dynamics in the bidimensional spin-ice model.
EPL (Europhysics Letters), 97(3):30002, 2012.
[5] Jason P. Morgan, Johanna Akerman, Aaron Stein, Charudatta Phatak, R. M. L. Evans, Sean Lan-
gridge, and Christopher H. Marrows. Real and effective thermal equilibrium in artificial square spin
ices. Phys. Rev. B, 87:024405, 1 2013.
[6] Jason Morgan, Alexander Bellew, Aaron Stein, Sean Langridge, and Christopher Marrows. Linear field
demagnetization of artificial magnetic square ice. Frontiers in Physics, 1:28, 2013.
45
[7] Demian Levis and Leticia F. Cugliandolo. Defects dynamics following thermal quenches in square spin
ice. Phys. Rev. B, 87:214302, 6 2013.
[8] Demian Levis, Leticia F. Cugliandolo, Laura Foini, and Marco Tarzia. Thermal phase transitions in
artificial spin ice. Phys. Rev. Lett., 110:207206, 5 2013.
[9] F. Y. Wu. Critical behavior of two-dimensional hydrogen-bonded antiferroelectrics. Phys. Rev. Lett.,
22:1174–1176, Jun 1969.
[10] P.W. Kasteleyn. The statistics of dimers on a lattice: I. the number of dimer arrangements on a
quadratic lattice. Physica, 27(12):1209–1225, 1961.
[11] H. N. V. Temperley and Michael E. Fisher. Dimer problem in statistical mechanics—an exact result.
Philosophical Magazine, 6(68):1061–1063, 1961.
[12] Michael E. Fisher. Statistical mechanics of dimers on a plane lattice. Phys. Rev., 124:1664–1672, 12
1961.
[13] P. W. Kasteleyn. Dimer statistics and phase transitions. Journal of Mathematical Physics, 4(2):287–
293, 1963.
[14] Elliott H. Lieb. Solution of the dimer problem by the transfer matrix method. Journal of Mathematical
Physics, 8(12):2339–2341, 1967.
[15] Chungpeng Fan. Solution of the dimer problem by the s-matrix method. Journal of Mathematical
Physics, 10(5):868–871, 1969.
[16] Rodney J Baxter. Partition function of the eight-vertex lattice model. Annals of Physics, 70(1):193–
228, 1972.
[17] F.Y. Wu and H. Kunz. The odd eight-vertex model. Journal of Statistical Physics, 116(1–4):67–78,
2004.
[18] Chungpeng Fan and F. Y. Wu. General lattice model of phase transitions. Phys. Rev. B, 2:723–733,
8 1970.
[19] R. J. Baxter. Free-fermion, checkerboard and z-invariant lattice models in statistical mechanics.
Proceedings of the Royal Society of London A: Mathematical, Physical and Engineering Sciences,
404(1826):1–33, 1986.
[20] B. Davies. Yang-baxter and other relations for free-fermion and ising models. Journal of Statistical
Physics, 46(3):535–557, 1987.
[21] F Y Wu and K Y Lin. Ising model on the union jack lattice as a free fermion model. Journal of Physics
A: Mathematical and General, 20(16):5737–5740, 1987.
[22] R. J. Baxter. Eight-vertex model in lattice statistics. Phys. Rev. Lett., 26:832–833, 4 1971.
[23] F. Y. Wu. Two-dimensional ising model with crossing and four-spin interactions and a magnetic field
i(pi/2)kt. Journal of Statistical Physics, 44(3–4):455–463, 1986.
[24] R. J. Baxter. Solvable eight-vertex model on an arbitrary planar lattice. Philosophical Transactions of
the Royal Society of London. Series A, Mathematical and Physical Sciences, 289(1359):315–346, 1978.
[25] Elliott H. Lieb. Exact solution of the problem of the entropy of two-dimensional ice. Phys. Rev. Lett.,
18:692–694, 4 1967.
[26] Elliott H. Lieb. Exact solution of the f model of an antiferroelectric. Phys. Rev. Lett., 18:1046–1048,
6 1967.
46
[27] Elliott H. Lieb. Exact solution of the two-dimensional slater kdp model of a ferroelectric. Phys. Rev.
Lett., 19:108–110, 7 1967.
[28] Elliott H. Lieb. Residual entropy of square ice. Phys. Rev., 162:162–172, 10 1967.
[29] Bill Sutherland. Exact solution of a two-dimensional model for hydrogen-bonded crystals. Phys. Rev.
Lett., 19:103–104, 7 1967.
[30] Kohei Motegi and Kazumitsu Sakai. Vertex models, tasep and grothendieck polynomials. Journal of
Physics A: Mathematical and Theoretical, 46(35):355201, 2013.
[31] R. J. Baxter and F. Y. Wu. Exact solution of an ising model with three-spin interactions on a triangular
lattice. Phys. Rev. Lett., 31:1294–1297, 11 1973.
[32] R J Baxter and F Y Wu. Ising model on a triangular lattice with three-spin interactions. i. the
eigenvalue equation. Australian Journal of Physics, 27(3):357–368, 1974.
[33] R J Baxter and I G Enting. The three-spin ising model as an eight-vertex model. Journal of Physics
A: Mathematical and General, 9(10):L149, 1976.
[34] D W Wood and N E Pegg. A duality theorem for planar three-body ising models and their vertex
model equivalences. Journal of Physics A: Mathematical and General, 10(2):229, 1977.
[35] A Hintermann and D Merlini. Exact solution of a two dimensional ising model with pure 3 spin
interactions. Physics Letters A, 41(3):208–210, 1972.
[36] F Y Wu. Spontaneous magnetization of the three-spin ising model on the union jack lattice. Journal
of Physics C: Solid State Physics, 8(14):2262, 1975.
[37] V. Urumov. Non-universal behaviour on union jack lattice with three-spin interactions. physica status
solidi (b), 136(1):K33–K36, 1986.
[38] Luke L. Liu and H. Eugene Stanley. Exact solution in an external magnetic field of ising models with
three-spin interactions. Phys. Rev. B, 10:2958–2961, 10 1974.
[39] X N Wu and F Y Wu. Exact results for lattice models with pair and triplet interactions. Journal of
Physics A: Mathematical and General, 22(21):L1031, 1989.
[40] P A Pearce. Magnetic hard squares: exact solution. Journal of Physics A: Mathematical and General,
18(16):3217, 1985.
[41] M. Debauche, H. T. Diep, P. Azaria, and H. Giacomini. Exact phase diagram of a generalized kagome´
ising lattice: Reentrance and disorder lines. Phys. Rev. B, 44:2369–2372, 8 1991.
[42] Z Strycharski and J Cislo. The nonuniversal ising model with nearest-neighbour interactions on a
ferrimagnetic square lattice. Journal of Physics C: Solid State Physics, 21(34):L1115, 1988.
[43] D. Merlini and C. Gruber. Duality relation for a finite baxter model. Physics Letters A, 41(3):245–246,
1972.
[44] Silvia Lackova´ and Tsuyoshi Horiguchi. Exact results of an ising model with three- and five-spin
interactions on a square lattice. Physica A: Statistical Mechanics and its Applications, 319:311–318,
2003.
[45] T. Horiguchi. Two-dimensional ising model with alternate three-spin interactions in the horizontal
direction and two-spin interactions in the vertical direction. Physics Letters A, 108(7):353–356, 1985.
[46] M Gitterman and P C Hemmer. Non-universal spin systems on union jack lattices. Journal of Physics
C: Solid State Physics, 13(13):L329, 1980.
47
[47] K. Ju¨ngling. Nonplanar two-dimensional ising model with short range two-spin interaction showing
continuously variable critical exponents. Zeitschrift fu¨r Physik B Condensed Matter, 24(4):391–395,
1976.
[48] F. W. Wu. Ising model with four-spin interactions. Phys. Rev. B, 4:2312–2314, 10 1971.
[49] Leo P. Kadanoff and Franz J. Wegner. Some critical properties of the eight-vertex model. Phys. Rev.
B, 4:3989–3993, 12 1971.
[50] H J Giacomini. Exact results for a checkerboard ising model with crossing and four-spin interactions.
Journal of Physics A: Mathematical and General, 18(17):L1087, 1985.
[51] K Ju¨ngling and G Obermair. Note on universality and the eight-vertex model. Journal of Physics C:
Solid State Physics, 7(20):L363, 1974.
[52] K Ju¨ngling. Exact solution of a nonplanar two-dimensional ising model with short range two-spin
interaction. Journal of Physics C: Solid State Physics, 8(9):L169, 1975.
[53] T Horiguchi and T Morita. On an ising model with multi-spin interactions. Journal of Physics A:
Mathematical and General, 18(14):L885, 1985.
[54] R J Baxter. Hard hexagons: exact solution. Journal of Physics A: Mathematical and General,
13(3):L61–L70, 1980.
[55] D W Wood and M Goldfinch. Vertex models for the hard-square and hard-hexagon gases, and crit-
ical parameters from the scaling transformation. Journal of Physics A: Mathematical and General,
13(8):2781, 1980.
[56] R. J. Baxter. The inversion relation method for some two-dimensional exactly solved models in lattice
statistics. Journal of Statistical Physics, 28(1):1–41, 1982.
[57] F J Wegner. Duality relation between the ashkin-teller and the eight-vertex model. Journal of Physics
C: Solid State Physics, 5(11):L131, 1972.
[58] C. Fan. On critical properties of the ashkin-teller model. Physics Letters A, 39(2):136–136, 1972.
[59] F. Y. Wu. Ashkin-teller model as a vertex problem. Journal of Mathematical Physics, 18(4):611–613,
1977.
[60] Mahito Kohmoto, Marcel den Nijs, and Leo P. Kadanoff. Hamiltonian studies of the d = 2 ashkin-teller
model. Phys. Rev. B, 24:5229–5241, 11 1981.
[61] Y Ikhlef and M A Rajabpour. Spin interfaces in the ashkin-teller model and sle. Journal of Statistical
Mechanics: Theory and Experiment, 2012(01):P01012, 2012.
[62] Yuan Huang, Youjin Deng, Jesper Lykke Jacobsen, and Jesu´s Salas. The hintermann-merlini-baxter-wu
and the infinite-coupling-limit ashkin-teller models. Nuclear Physics B, 868(2):492–538, 2013.
[63] R. J. Baxter. Three-colorings of the square lattice: A hard squares model. Journal of Mathematical
Physics, 11(10):3116–3124, 1970.
[64] T T Truong and K D Schotte. The three-colouring problem as a special eight-vertex model. Journal
of Physics A: Mathematical and General, 19(8):1477, 1986.
[65] N E Pegg. The generalised six-vertex model. Journal of Physics A: Mathematical and General,
15(10):L549, 1982.
[66] Paul A Pearce and Katherine A Seaton. Exact solution of cyclic solid-on-solid lattice models. Annals
of Physics, 193(2):326–366, 1989.
48
[67] A. Gaaff. The 2-d ising model in a magnetic field ipi/2 as a soluble case of the sixteen vertex model.
Physics Letters A, 49(2):103–105, 1974.
[68] F. Y. Wu. Eight-vertex model on the honeycomb lattice. Journal of Mathematical Physics, 15(6):687–
691, 1974.
[69] D. Merlini. Property of zeros of the generating function for nonself-intersecting lattice polygons. Lettere
al Nuovo Cimento (1971-1985), 11(8):441–444, 1974.
[70] Michael N. Barber and Franz S. Rys. The critical line of an asymmetric eight vertex model. Zeitschrift
fu¨r Physik B Condensed Matter, 58(2):149–153, 1985.
[71] Hiroshi Takasaki, Tomotoshi Nishino, and Yasuhiro Hieida. Phase diagram of a 2d vertex model.
Journal of the Physical Society of Japan, 70(5):1429–1430, 2001.
[72] Paul Fendley, Kareljan Schoutens, and Hendrik van Eerten. Hard squares with negative activity.
Journal of Physics A: Mathematical and General, 38(2):315, 2005.
[73] Jakob Jonsson. Hard squares with negative activity and rhombus tilings of the plane. The Electronic
Journal of Combinatorics, 13:R67, 2006.
[74] Jakob Jonsson. Hard squares with negative activity on cylinders with odd circumference. The Electronic
Journal of Combinatorics, 16(2):R5, 2009.
[75] Michal Adamaszek. Hard squares on cylinders revisited. https://arxiv.org/abs/1202.1655, 2012.
[76] Tetsuo Deguchi. Multivariable vertex models associated with the temperley-lieb algebra. Physics
Letters A, 159(3):163–169, 1991.
[77] F.Y. Wu. Exact results on a general lattice statistical model. Solid State Communications, 10(1):115–
117, 1972.
[78] B. U. Felderhof. The transfer matrix of the symmetric 16-vertex model. Physics Letters A, 44(6):437–
438, 1973.
[79] X. N. Wu and F. Y. Wu. Blume-emery-griffiths model on the honeycomb lattice. Journal of Statistical
Physics, 50(1):41–55, 1988.
[80] X N Wu and F Y Wu. Duality properties of a general vertex model. Journal of Physics A: Mathematical
and General, 22(2):L55, 1989.
[81] J H H Perk, F Y Wu, and X N Wu. Algebraic invariants of the o(2) gauge transformation. Journal of
Physics A: Mathematical and General, 23(4):L131, 1990.
[82] L. Sˇamaj and M. Koles´ık. Mapping of the symmetric vertex model onto the ising model for an arbitrary
lattice coordination. Physica A: Statistical Mechanics and its Applications, 182(3):455–466, 1992.
[83] L. Sˇamaj and M. Koles´ık. Mapping of p-state symmetric vertex model on the honeycomb lattice onto
its ising-spin counterpart. International Journal of Modern Physics B, 06(02):251–260, 1992.
[84] M. Koles´ık and L. Sˇamaj. Series expansion and cam study of the nonuniversal behavior of the symmetric
16-vertex model. Journal of Statistical Physics, 72(5):1203–1226, 1993.
[85] G. Rollet and F. Y. Wu. Gauge transformation and vertex models: A polynomial formulation. Inter-
national Journal of Modern Physics B, 09(24):3209–3217, 1995.
[86] Rodney Baxter. Exactly Solved Models in Statistical Mechanics. Academic Press, 1982.
49
[87] Rodney Baxter. Exactly Solved Models in Statistical Mechanics. Dover Books on Physics. Dover
Publications, 2007.
[88] Chungpeng Fan and F. Y. Wu. Ising model with second-neighbor interaction. i. some exact results and
an approximate solution. Phys. Rev., 179:560–569, 3 1969.
[89] L. K. Runnels. Two-dimensional ferroelectric models. In C. Domb and M. S. Green, editors, Phase
Transitions and Critical Phenomena, volume 1, pages 331–490. Academic Press London, 1972.
[90] C. A. Hurst and H. S. Green. New solution of the ising problem for a rectangular lattice. The Journal
of Chemical Physics, 33(4):1059–1062, 1960.
[91] C. A. Hurst. Solution of plane ising lattices by the pfaffian method. The Journal of Chemical Physics,
38(10):2558–2571, 1963.
[92] H.S. Green and C.A. Hurst. Order-disorder phenomena, volume 5 of Monographs in statistical physics
and thermodynamics. Interscience Publishers, 1964.
[93] C. A. Hurst. Applicability of the pfaffian method to combinatorial problems on a lattice. Journal of
Mathematical Physics, 5(1):90–100, 1964.
[94] C. A. Hurst. New approach to the ising problem. Journal of Mathematical Physics, 7(2):305–310,
1966.
[95] V.N. Plechko. Grassman path-integral solution for a class of triangular type decorated ising models.
Physica A: Statistical Mechanics and its Applications, 152(1–2):51–97, 1988.
[96] Claude-M. Viallet. Free fermion conditions and the symmetries of integrability. International Journal
of Modern Physics B, 11(01n02):213–221, 1997.
[97] Michael E. Fisher. On the dimer solution of planar ising models. Journal of Mathematical Physics,
7(10):1776–1781, 1966.
[98] Barry McCoy and Tai Tsun Wu. The Two-Dimensional Ising Model. Harvard University Press, 1973.
[99] Barry McCoy and Tai Tsun Wu. The Two-Dimensional Ising Model: Second Edition. Dover Publica-
tions, 2014.
[100] R. G. J. Mills and C. A. Hurst. Generalized triangular ising lattice. Journal of Mathematical Physics,
10(8):1531–1540, 1969.
[101] F. Y. Wu. Remarks on the modified potassium dihydrogen phosphate model of a ferroelectric. Phys.
Rev., 168:539–543, 4 1968.
[102] V. V. Bazhanov and Yu. G. Stroganov. Hidden symmetry of free fermion model. i. triangle equation
and symmetric parametrization. Theoretical and Mathematical Physics, 62(3):253–260, 1985.
[103] V. V. Bazhanov and Yu. G. Stroganov. Hidden symmetry of free fermion model. ii. partition function.
Theoretical and Mathematical Physics, 63(2):519–527, 1985.
[104] V. V. Bazhanov and Yu. G. Stroganov. Hidden symmetry of free fermion model. iii. inversion relations.
Theoretical and Mathematical Physics, 63(3):604–611, 1985.
[105] J E Sacco and F Y Wu. 32-vertex model on the triangular lattice. Journal of Physics A: Mathematical
and General, 8(11):1780, 1975.
[106] J E Sacco and F Y Wu. 32-vertex model on the triangular lattice. Journal of Physics A: Mathematical
and General, 10(7):1259, 1977.
50
[107] S Samuel. The correlation functions in the 32-vertex model. Journal of Physics A: Mathematical and
General, 14(1):211, 1981.
[108] S Samuel. The pseudo-free 128 vertex model. Journal of Physics A: Mathematical and General,
14(1):191, 1981.
[109] C. S. Hsue, K. Y. Lin, and F. Y. Wu. Staggered eight-vertex model. Phys. Rev. B, 12:429–437, 7 1975.
[110] K Y Lin and I P Wang. Staggered eight-vertex model with four sublattices. Journal of Physics A:
Mathematical and General, 10(5):813, 1977.
[111] B.U. Felderhof. Diagonalization of the transfer matrix of the free-fermion model. iii. Physica, 66(3):509–
526, 1973.
[112] T. D. Lee and C. N. Yang. Statistical theory of equations of state and phase transitions. ii. lattice gas
and ising model. Phys. Rev., 87:410–419, 8 1952.
[113] Glen Baxter. Weight factors for the two-dimensional ising model. Journal of Mathematical Physics,
6(7):1015–1021, 1965.
[114] Barry M. McCoy and Tai Tsun Wu. Theory of toeplitz determinants and the spin correlations of the
two-dimensional ising model. ii. Phys. Rev., 155:438–452, 3 1967.
[115] Jacques H H Perk and Helen Au-Yang. Some recent results on pair correlation functions and suscep-
tibilities in exactly solvable models. Journal of Physics: Conference Series, 42(1):231, 2006.
[116] S. Sherman. Combinatorial aspects of the ising model for ferromagnetism. i. a conjecture of feynman
on paths and graphs. Journal of Mathematical Physics, 1(3):202–217, 1960.
[117] T.W. Marshall. The ising model in a magnetic field of 1/2ipi. Molecular Physics, 21(5):847–852, 1971.
[118] D. Merlini. On the solution of the two-dimensional ising model with an imaginary magnetic field
βh = h = ipi/2. Lettere Al Nuovo Cimento Series 2, 9(3):100–104, 1974.
[119] K. Y. Lin and F. Y. Wu. Ising model in the magnetic field ipikt/2. International Journal of Modern
Physics B, 2:471–481, 8 1988.
[120] H. J. Brascamp and H. Kunz. Zeroes of the partition function for the ising model in the complex
temperature plane. Journal of Mathematical Physics, 15(1):65–66, 1974.
[121] Masuo Suzuki and Michael E. Fisher. Zeros of the partition function for the heisenberg, ferroelectric,
and general ising models. Journal of Mathematical Physics, 12(2):235–246, 1971.
[122] John F. Nagle. Weak-graph method for obtaining formal series expansions for lattice statistical prob-
lems. Journal of Mathematical Physics, 9(7):1007–1019, 1968.
[123] J. F. Nagle and H. N. V. Temperley. Combinatorial theorem for graphs on a lattice. Journal of
Mathematical Physics, 9(7):1020–1026, 1968.
[124] F. J. Wegner. A transformation including the weak-graph theorem and the duality transformation.
Physica, 68(3):570–578, 1973.
[125] F. Y. Wu. Exact solution of a model of an antiferroelectric transition. Phys. Rev., 183:604–607, 7 1969.
[126] A. Gaaff and J. Hijmans. Symmetry relations in the sixteen-vertex model. Physica A: Statistical
Mechanics and its Applications, 80(2):149–171, 1975.
[127] A. Gaaff and J. Hijmans. The complete system of algebraic invariants for the sixteen-vertex model.
Physica A: Statistical Mechanics and its Applications, 83(2):301–316, 1976.
51
[128] A. Gaaff and J. Hijmans. The complete system of algebraic invariants for the sixteen-vertex model.
Physica A: Statistical Mechanics and its Applications, 83(2):317–338, 1976.
[129] A. Gaaff and J. Hijmans. Interpretation of the symmetry group of the homogeneous 16-vertex model
in terms of lorentz similarity transformations. Physica A: Statistical Mechanics and its Applications,
94(2):192–210, 1978.
[130] A. Gaaff and J. Hijmans. Bifurcation analysis of the sixteen-vertex model. Physica A: Statistical
Mechanics and its Applications, 97(2):244–272, 1979.
[131] J. Hijmans and H.M. Schram. On the bifurcations occuring in the parameter space of the sixteen
vertex model. Physica A: Statistical Mechanics and its Applications, 121(3):479–512, 1983.
[132] J. Hijmans and H.M. Schram. On the bifurcations occurring in the parameter space of the sixteen
vertex model. Physica A: Statistical Mechanics and its Applications, 125(1):25–57, 1984.
[133] H.M. Schram and J. Hijmans. Diagrammatic construction of an irreducible basis of algebraic invariants
for the sixteen vertex model. Physica A: Statistical Mechanics and its Applications, 125(1):58–74, 1984.
[134] J. Hijmans. Simplified bifurcation analysis of the sixteen vertex model, based on the standard rep-
resentation of equivalence classes of models. Physica A: Statistical Mechanics and its Applications,
130(1):57–87, 1985.
[135] L. Sˇamaj and M. Koles´ık. On relation between symmetric vertex model and ising model on the square
lattice. Modern Physics Letters B, 05(16):1075–1080, 1991.
[136] D.A. Johnston. Symmetric vertex models on planar random graphs. Physics Letters B, 463(1):9–18,
1999.
[137] X.N. Wu and F.Y. Wu. Critical line of the square-lattice antiferromagnetic ising model in a magnetic
field. Physics Letters A, 144(3):123–126, 1990.
[138] F. Y. Wu. Phase transition in a sixteen-vertex lattice model. Phys. Rev. B, 6:1810–1813, 9 1972.
[139] F. Y. Wu. Phase transition in a vertex model in three dimensions. Phys. Rev. Lett., 32:460–463, 3
1974.
[140] Helen Au-Yang and Jacques H.H. Perk. Ising correlations at the critical temperature. Physics Letters
A, 104(3):131–134, 1984.
[141] F. Y. Wu and K. Y. Lin. Staggered ice-rule vertex model—the pfaffian solution. Phys. Rev. B,
12:419–428, 7 1975.
[142] Kazuyuki Tanaka and Tohru Morita. Free energy for layered free fermion models. Journal of the
Physical Society of Japan, 61(1):92–101, 1992.
[143] W. F. Wolff and J. Zittartz. Inhomogeneous ising models with diagonal structure on a square lattice.
Zeitschrift fu¨r Physik B Condensed Matter, 44(1):109–119, 1981.
[144] T. T. Truong. On soluble cases of staggered ice-rule on a square lattice. In N. Sanchez, editor, Non-
Linear Equations in Classical and Quantum Field Theory: Proceedings of a Seminar Series Held at
DAPHE, Observatoire de Meudon, and LPTHE, Universite´ Pierre et Marie Curie, Paris, Between
October 1983 and October 1984, pages 234–256. Springer Berlin Heidelberg, 1985.
[145] R. Z. Bariev. An exact solution of a two-dimensional, non-baxter-type vertex model. JETP Letters,
32:8, 1980.
52
[146] R. Z. Bariev. Two-dimensional ice-type vertex model with two types of staggered sites. i. the free
energy and polarization. Theoretical and Mathematical Physics, 49(2):1021–1028, 1981.
[147] R. Z. Bariev. Two-dimensional ice-type vertex model with two types of staggered sites. ii. a system of
two interacting modified kdp models. Theoretical and Mathematical Physics, 58(2):207–210, 1984.
[148] R. J. Baxter. Generalized ferroelectric model on a square lattice. Studies in Applied Mathematics,
50(1):51–69, 1971.
[149] R. J. Baxter. Critical antiferromagnetic square-lattice potts model. Proceedings of the Royal Society
of London A: Mathematical, Physical and Engineering Sciences, 383(1784):43–54, 1982.
[150] H. J. Brascamp, H. Kunz, and F. Y. Wu. Some rigorous results for the vertex model in statistical
mechanics. Journal of Mathematical Physics, 14(12):1927–1932, 1973.
[151] Barry M. McCoy and Tai Tsun Wu. Theory of toeplitz determinants and the spin correlations of the
two-dimensional ising model. iv. Phys. Rev., 162:436–475, 10 1967.
[152] R. J. Baxter. The bulk, surface and corner free energies of the square lattice ising model, 2016.
https://arxiv.org/abs/1606.02029.
[153] John Stephenson. Close-packed anisotropic antiferromagnetic ising lattices. i. Canadian Journal of
Physics, 47(23):2621–2631, 1969.
[154] John Stephenson. Ising-model spin correlations on the triangular lattice. iv. anisotropic ferromagnetic
and antiferromagnetic lattices. Journal of Mathematical Physics, 11(2):420–431, 1970.
[155] John Stephenson. Ising model with antiferromagnetic next-nearest-neighbor coupling: Spin correlations
and disorder points. Phys. Rev. B, 1:4405–4409, 6 1970.
[156] John Stephenson. Range of order in antiferromagnets with next-nearest neighbor coupling. Canadian
Journal of Physics, 48(18):2118–2122, 1970.
[157] John Stephenson. Two one-dimensional ising models with disorder points. Canadian Journal of
Physics, 48(14):1724–1734, 1970.
[158] Ingo Peschel and Franz Rys. New solvable cases for the eight-vertex model. Physics Letters A,
91(4):187–189, 1982.
[159] P. Ruja´n. order and disorder lines in systems with competing interactions: Ii. the irf model. Journal
of Statistical Physics, 29(2):247–262, 1982.
[160] H.T. Diep, M. Debauche, and H. Giacomini. Reentrance and disorder solutions in exactly solvable
ising models. Journal of Magnetism and Magnetic Materials, 104:184 –186, 1992.
[161] D Hansel, T Jolicoeur, and J M Maillard. Staggered lattice models. Journal of Physics A: Mathematical
and General, 20(14):4923, 1987.
[162] P. Ruja´n. Order and disorder lines in systems with competing interactions. iii. exact results from
stochastic crystal growth. Journal of Statistical Physics, 34(3):615–646, 1984.
[163] J Rae. Some simple solutions of the 16-vertex model. Journal of Physics A: Mathematical, Nuclear
and General, 6(10):L140, 1973.
[164] J F Stilck. Proof of long range order for a class of ferroelectric vertex models. Journal of Physics A:
Mathematical and General, 16(16):L629, 1983.
[165] J. F. Stilck, M. J. de Oliveira, and S. R. Salinas. Phenomenological renormalization-group calculations
for 12- and 16-vertex models on a square lattice. Phys. Rev. B, 30:5326–5333, 11 1984.
53
[166] Changrim Ahn, Minoru Horibe, and Kazuyasu Shigemoto. Relation between yang-baxter and pair
propataion equations in 16-vertex models. Modern Physics Letters B, 08(27):1729–1738, 1994.
[167] Laura Foini, Demian Levis, Marco Tarzia, and Leticia F Cugliandolo. Static properties of 2d spin-ice
as a sixteen-vertex model. Journal of Statistical Mechanics: Theory and Experiment, 2013(02):P02026,
2013.
[168] Roman Krcˇma´r and Ladislav Sˇamaj. Critical properties of the eight-vertex model in a field. EPL
(Europhysics Letters), 115(5):56001, 2016.
[169] T Garel and J M Maillard. Study of a two-dimensional fully frustrated model. Journal of Physics A:
Mathematical and General, 16(10):2257, 1983.
[170] H. N. V. Temperley and E. H. Lieb. Relations between the “percolation” and “colouring” problem
and other graph-theoretical problems associated with regular planar lattices: Some exact results for
the “percolation” problem. Proceedings of the Royal Society of London A: Mathematical, Physical and
Engineering Sciences, 322(1549):251–280, 1971.
[171] J. Rae. Correlation functions for the free-fermion model. Physica, 68(3):546–562, 1973.
[172] B.U. Felderhof. Direct diagonalization of the transfer matrix of the zero-field free-fermion model.
Physica, 65(3):421–451, 1973.
[173] B.U. Felderhof. Diagonalization of the transfer matrix of the free-fermion model. ii. Physica, 66(2):279–
297, 1973.
[174] Craig A. Tracy. Complete integrability in statistical mechanics and the yang-baxter equations. Physica
D: Nonlinear Phenomena, 14(2):253–264, 1985.
[175] Craig A. Tracy. The emerging role of number theory in exactly solvable models in lattice statistical
mechanics. Physica D: Nonlinear Phenomena, 25(1):1–19, 1987.
[176] M T Jaekel and J M Maillard. Algebraic invariants in soluble models. Journal of Physics A: Mathe-
matical and General, 16(13):3105, 1983.
54
